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ABSTRACT 

This thesis proposes a general formalism to model the acoustic wave propagation in a 

multilayer consisting of any combination of fluid, isotropic elastic solid, and isotropic poro-

elastic layers, the method having the flexibility to be extended to include other layer-natures.  

At a first stage, a stable algorithm is developed, based on the recursive stiffness matrix 

approach, to model the propagation of a plane wave incident on the multilayer as a function 

of its incidence angle and frequency. This algorithm merges recursively the structure 

individual layers stiffness matrices into one total stiffness matrix and allows then the 

calculation of the reflection and transmission coefficients, as well as the displacement and 

stress components inside the multilayer for every incident plane wave direction. 

Secondly, to model the propagation of a bounded incident wave beam, the angular 

spectrum technique is used which is based on the decomposition of this beam into a spectrum 

of plane waves traveling in different directions. The corresponding reflected wave beam in 

the incidence medium, and the transmitted wave beam in the transmission medium, as well as 

the fields distributions (displacement and stress components) inside the multilayer are 

obtained by summing the contribution of all the plane waves traveling in different directions. 

As a numerical application, a three-layered solid-porous-solid structure immersed in 

water is simulated. The resulting reflection and transmission as well as the displacement and 

stress components in the multilayer corresponding to both, the incident plane wave in 

different directions and the incident bounded beam reveal the stability of the method and the 

continuity of the displacements and stresses at the interfaces. 

 

Keywords: Wave propagation; layered media; stiffness matrix; porous media; Biot’s theory; 

reflection and transmission coefficients; angular spectrum. 
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RÉSUMÉ 

Cette thèse propose un formalisme général pour modéliser la propagation des ondes 

acoustiques dans une multicouche composée de toute combinaison de couches liquides, 

solides élastiques isotropes et poro-élastiques isotropes, la méthode ayant la flexibilité d'être 

développée pour inclure d'autres natures de couches. 

Dans un premier lieu, un algorithme stable est développé, basé sur l'approche récursive 

de la matrice de rigidité, pour modéliser la propagation d'une onde plane incidente sur la 

multicouche en fonction de son angle d'incidence et de sa fréquence. Cet algorithme fusionne 

de manière récursive les matrices de rigidité des couches individuelles de la structure en une 

matrice de rigidité totale et permet ensuite le calcul des coefficients de réflexion et de 

transmission, ainsi que les composantes de déplacement et de contrainte à l'intérieur de la 

multicouche pour chaque direction d'incidence des ondes planes. 

Deuxièmement, pour modéliser la propagation d'un faisceau délimité d'ondes 

incidentes, la technique du spectre angulaire est utilisée, basée sur la décomposition de ce 

faisceau en un spectre d'ondes planes se propageant dans des directions différentes. Par la 

suite, le faisceau d'onde réfléchi dans le milieu d'incidence et le faisceau d'onde transmis dans 

le milieu de transmission, ainsi que la distribution des champs (composantes de déplacement 

et de contrainte) à l'intérieur de la multicouche sont obtenus en superposant la contribution de 

toutes les ondes planes se propageant dans les différentes directions. 

Comme application numérique, une tri-couche solide-poreuse-solide immergée dans 

l'eau est simulée. La réflexion et la transmission qui en résultent, ainsi que les composantes 

de déplacement et de contrainte dans la multicouche, correspondants à l’onde plane incidente 

et au faisceau limité incident, révèlent la stabilité du procédé et la continuité des 

déplacements et des contraintes aux interfaces. 

 

Mots-clés: propagation des ondes; multicouches; matrice de rigidité; milieu poreux; théorie 

de Biot; coefficients de réflexion et de transmission; spectre angulaire. 
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GENERAL INTRODUCTION 

The topic of elastic waves propagation in layered media has been, for the past half 

century, the interest of many researchers working in several fields such as underwater 

acoustics, seismology, geophysics, biomedical engineering nondestructive testing, etc... 

Moreover, since many layered materials encountered in these fields include porous media, the 

inclusion of porous materials in the study of the waves propagation in layered media has 

gained considerable attention. Some of these studies have considered the case of multilayers 

consisting of layers of the same nature but with different characteristics, while others have 

dealt with a combination of a varied layer natures. However, the common point to all of them 

is their focus on how the involved layers interact with each other, due to the propagation of a 

plane wave through them, depending on their natures and properties, as well as the natures of 

the interfaces separating them. Hence, the established methods in these studies for modeling 

the plane wave propagation in a multilayer, whether analytical or numerical methods, have 

been developed from formulations that combine the physical and mechanical characteristics 

of each layer with the interaction conditions of the waves at the interfaces between every two 

adjacent layers, or the so-called boundary conditions. For a given incident plane wave on a 

multilayer, this interaction is usually investigated through the assessment of the amount of 

reflection obtained in the originating medium, and the amount of transmission in the 

continuing medium. 

The purpose of this thesis is, first, to develop an analytical, stable, and general 

formalism for plane wave propagation in layered media that could consist of a combination of 

varied layer natures. The developed algorithm is based on the recursive stiffness matrix 
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method proposed by Rokhlin and Wang [1]. We consider only isotropic and homogeneous 

materials with three possible layer-natures: fluid, isotropic elastic solid, and isotropic poro-

elastic material. However, this formalism has the ability to be extended and adapted to 

include anisotropy and other layer natures in the future. The investigation in the study of the 

plane wave propagation in the multilayer is not limited to the acquisition of the reflection and 

transmission coefficients, but the developed formalism allows also to evaluate the wave 

amplitudes inside the layers. 

Then, since in real situations, an incident wave generated by an acoustic source is 

usually not a plane wave, but rather a bounded beam, the technique developed in this work 

for plane wave propagation in layered media is furthermore employed in the development of 

the modeling of an acoustic beam propagation in a multilayer using the angular spectrum 

method.  

This manuscript is composed of four chapters. 

In the first one, a historical background is presented for the different techniques that 

have been developed by researchers for modeling plane wave propagation in layered media. 

Then, a theoretical background is given for plane wave propagation in each of the three- 

considered layer-natures, the Biot’s theory being used for the case of the porous material.  

In the second chapter, the multilayer consisting of any combination of the three layer-

natures is defined. The displacement and stress components are then expressed in terms of the 

partial plane waves amplitudes in every layer of the structure, depending on its nature. The 

factorization of these expressions allows to obtain the characteristic matrices of the individual 

layers of the structure, and subsequently their stiffness matrices, in terms of the layer 

mechanical properties as well as the incident plane wave frequency and incidence angle. 

In the third chapter, a recursive algorithm is developed to obtain the total stiffness 

matrix of the multilayer. In this algorithm the individual layers stiffness matrices found in the 
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second chapter are combined into one total stiffness matrix, based on the boundary conditions 

at every interface separating two adjacent layers of the structure. Subsequently, the reflection 

and transmission coefficients are calculated considering the multilayer bounded by fluid 

materials. Then, having the reflection and transmission coefficients, a back recursive 

algorithm is developed in order to obtain the partial plane waves amplitudes inside the 

structure layers. This allows afterwards to evaluate the displacements and stresses 

components at any point in the multilayer. The expressions found for the reflection and 

transmission coefficients, the amplitudes of the waves inside the layers, as well as the 

displacement and stress components in the multilayer are all in terms of the incident plane 

wave frequency and incidence angle. 

Having modeled the propagation of a plane wave incident on the multilayer at a given 

frequency and incidence angle, the propagation of an acoustic beam incident on the 

multilayer is modeled in the fourth chapter using the angular spectrum technique. The latter is 

based on the superposition of the contributions of monochromatic plane waves traveling in 

many directions. Hence for an incident acoustic beam, the reflected and transmitted beams in 

the incidence and transmission media are reconstructed. Furthermore, the displacement and 

stress components fields distributions are obtained inside the multilayer. A numerical 

example is applied in this chapter to simulate the algorithm, where the case of a three-layered 

solid-porous-solid structure immersed in water is considered. So, first, the formalism 

developed in the third chapter is applied in order to obtain the reflection and transmission 

coefficients as well as the displacement and stress components at any position in the 

multilayer, corresponding to each incident plane wave direction and at a given frequency. 

Then, using the angular spectrum method, the reflected, and transmitted wave fields along 

with the displacement and stress components fields distribution are obtained. Finally, the 
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presented work is summarized in the general conclusion, and perspectives for future works on 

the subject are proposed.  
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CHAPTER 1  

 

HISTORICAL AND THEORETICAL BACKGROUNDS 

1.1 Modeling of a Plane Wave Propagation in a Multilayer 

A multilayer is, by definition, a medium consisting of a stack of a given number of 

media separated by interfaces. In particular, when these stacked layers or strata are 

homogeneous and planar with parallel interfaces, the structure is referred to as a stratified 

medium.  

The investigation in modeling the propagation of elastic plane waves in stratified media 

had been triggered long time ago [2, 3, 4, 5], however it has got a remarkable push after the 

elaborated technique published by Thomson in 1950 [6]. In his method, Thomson studied 

theoretically the transmission of an elastic plane wave at an oblique incidence through a 

stratified medium consisting of an arbitrary number of parallel planar solid media of different 

characteristics and thicknesses. He defined a matrix called transfer matrix that relates the 

displacements and stresses at the bottom of a layer to the ones at the top of that layer. Then, 

for two consecutive solid layers, by applying the appropriate boundary conditions at the 

interface separating them, which are the continuity of particle velocities and normal and 

shearing stresses, the stresses and displacements of these two layers can be related. Therefore, 

the wave propagation across the layers of the structure is expressed through each layer 

transfer matrix, and its propagation across interfaces in the structure is expressed via the 

boundary conditions at each interface. In this manner, the displacements and stresses at the 
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bottom of the multilayer can be related to those at the top through a single matrix obtained 

via a process of individual layers matrices multiplication. The equations derived by Thomson 

were based on some assumptions such as that the shear modulus is the same in all the solid 

layers, which made the method of limited validity to some particular cases. This issue was 

fixed three years later by Haskell who proposed a more generalized formulation of 

Thomson’s method [7], and since then it has been referred to as Thomson-Haskell method, 

transfer matrix method, or propagator matrix method. Shaw and Bugl published in 1969 a 

refined version of Thomson-Haskell matrix formalism [8], where they expressed the 

displacements and stresses in terms of the layers parameters and they introduced the effects 

of viscoelasticity by assigning complex values to the parameters of the solid layers. In 

parallel to Thomson’s work, Brekhovskikh developed in 1960 another method for wave 

propagation in layered media based on the layers and interfaces impedances [9]. However, 

the equations he developed had also the problem of their limitation to the same particular 

cases as those of Thomson. Folds and Loggins reconsidered the previously published results 

from both methods and re-derived them in a more suitable and revealing way with few 

modifications. In their work, they obtained the reflection and transmission coefficients for the 

case of a plane elastic wave incident on a stratified structure consisting of viscoelastic layers 

[10]. 

Following Thomson-Haskell work, and with the availability of computer resources, 

there was an increasing interest of implementing the transfer matrix technique in numerical 

methods for modal calculations of plane wave propagation in layered media. This revealed an 

instability problem of the method when dealing with thick layers and at high frequencies. 

These numerical instabilities are due to a loss of precision when performing arithmetic 

calculations on the layers transfer matrices using computers. In fact, according to Thomson-

Haskell method, the total transfer matrix of a layered medium consisting of solids is obtained 
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by multiplying the layers transfer matrices. The greater the number of layers, the greater the 

numerical loss of precision in the computer calculations due to its limited capacity (limited 

number of digits). Moreover, as shown by Dunkin [11], the transfer matrices of individual 

layers contain an exponential term whose power is proportional to the layer thickness and the 

wave frequency. Therefore, at high frequencies and for thick layers, these small precision 

errors will be considerably amplified by the exponential term. Consequently, an effort was 

put by researchers to solve for this problem that became known as the “large 𝑓𝑑 problem”, 

and thus improve the performance of transfer matrix method. In his paper, as a solution to the 

issue, Dunkin introduced the delta operator approach which was used and improved later on 

by other researchers such as Kundu and Mal [12] and Lévesque and Piché [13]. In this 

method, delta matrices are calculated made up of  2 × 2 subdeterminants of individual layers 

transfer matrices in order to avoid the accumulation of errors when multiplying the transfer 

matrices to find the total one. The delta operator method, being only applied in previous 

works on wave propagation through isotropic media, Castaings and Hosten [14, 15] published 

an extension of this method to include anisotropic materials. In that case, the delta matrices 

are constructed from 3 × 3 subdeterminants of individual layers transfer matrices. The delta 

operator method has succeeded to heal the transfer matrix method from the loss of precision, 

nevertheless, its problem is in the considerable increase of the computational time because of 

the large number of subdeterminants introduced calculations. Balasubramaniam proposes an 

alternative solution that is simpler and not computationally intensive: the numerical 

truncation algorithm [16, 17]. The latter is an approximation algorithm that is based on 

setting a maximum threshold value for the exponential terms involved, which limits the 

amplification of the precision errors and prevents instabilities. This approach, which has been 

referred to as the modified transfer matrix approach, has been shown to stabilize the 

computation without requiring any extensive reformulation and without compromising the 
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original method efficiency. Nevertheless, this numerical truncation has exhibited instabilities 

for very high 𝑓𝑑 values.  

While the above-mentioned works adopted the transfer matrix method and developed 

their own approaches to enhance it and make it robust, some other publications proposed 

quite different computationally stable matrix formulations, alternative to the transfer matrix 

method, for modeling wave propagation in layered media. Among these techniques we cite 

the global matrix method that was first proposed by Knopoff in 1964 [18] for layered 

structures consisting of isotropic solids, then implemented and validated by other researchers 

[19, 20, 21, 22, 23, 24]. This method consists of mapping the equations for individual layers 

into one global single matrix that includes all the unknowns related to the boundary 

conditions. This algorithm proved to be stable and efficient with the disadvantage of 

computation slowness in the case of several layers which increases the size of that global 

matrix. A review of the technique and its comparison to the transfer matrix method was done 

by Lowe [25]. 

A reformulated global matrix technique has been proposed by Kausel and Roesset [26] 

where the system global matrix was obtained for isotropic solid layered media in terms of the 

layers stiffness matrices rather than their transfer matrices. A stiffness matrix relates the 

stress components to the displacement components at the top and bottom surfaces of that 

layer. Thus, in this method, the total displacements and stresses are obtained instead of the 

waves amplitudes. 

Another stable different approach was developed by Kennett and Kerry [27]  and 

Kennett [28] for isotropic solid layered media, referred to as reflection matrix method or 

transmission reflection matrix method. It consists of creating reflection and transmission 

matrices for individual interfaces in the multilayer, then these matrices are mapped 

recursively into global reflection and transmission matrices. The approach was extended later 
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on to generally anisotropic layered media by Fryer and Frazer [29, 30] and Rokhlin and 

Huang [31]. This method has proven to be computationally stable and efficient and has been 

widely used for wave propagation modeling in layered media in the fields of seismology and 

geophysics. 

An additional alternative stable method to the transfer matrix method was developed in 

the beginning of the twenty-first century by Rokhlin and Wang who presented a recursive 

algorithm they developed for the computation of a total stiffness matrix for layered elastic 

anisotropic media [1, 32, 33], based on individual layers stiffness matrices. They proved their 

method, referred to as stiffness matrix method, to be unconditionally stable at high 

frequencies and for thick layers, keeping at the same time the computational efficiency and 

simplicity of the transfer matrix method. A comparison was made between the stiffness 

matrix method and the transfer matrix method by Balasubramaniam et al. [17]. A detailed 

description of this approach will be provided later in this manuscript. 

All of the above-mentioned techniques and their developments considered layered 

media consisting either of isotropic or anisotropic elastic solids. However, the researches in 

some specific fields such as geophysics and biomedical engineering necessitated modeling 

wave propagation in layered media including porous material. Thus, the need to adapt the 

previously developed techniques for the modeling of plane wave propagation in layered 

media to the case of multilayers composed of either porous layered media or a combination 

of various layer natures arose. 

For instance, the sound propagation in layered porous media was described at normal 

incidence by Allard et al. [34] and at oblique incidence by Allard et al. [35] using the transfer 

matrix method. Schmitt [36] and Lauriks et al. [37] worked on the modeling of the 

propagation of plane waves in a multilayered medium including fluid, solid and porous layers 

based on the transfer matrix method as well. Vashishth et al. [38] studied the wave 
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propagation in a layered anisotropic poro-elastic structure bounded by an isotropic elastic 

solid and a fluid using the transfer matrix technique. Jocker et al. [39] proposed an extension 

of the Thomson-Haskell method to present closed-form analytical expressions for the 

reflection and transmission coefficients of a layered isotropic poro-elastic medium, and they 

investigated the stability of their approach. 

Parra [40] calculated the dispersion and attenuation of acoustic waves in layered fluid 

filled porous media based on the global matrix method. Brouard et al. [41] and Allard and 

Atalla [42] presented a general method of modeling sound propagation in multi-layered 

media including fluid, elastic solid, and porous layers using also the transfer matrix method. 

In their approach, and in order to adapt the original method to the case of two adjacent layers 

of different natures, they defined two matrices for every interface that relate the acoustic 

fields from both sides of that interface.  

Rajapakse and Senjuntichai used the global stiffness matrix method as proposed by 

Kaussel and Roesset to study the dynamic [43] and quasi-static [44] responses of a layered 

poro-elastic medium. Degrande et al. [45] studied the wave propagation in multi-layered dry, 

saturated and unsaturated isotropic poro-elastic media using also the global stiffness matrix 

method. 

Moreover, Feng et al. [46] have recently proposed and extension of the transmission 

and reflection matrix method to investigate about the reflection and transmission of plane 

waves in a multilayered porous medium. 

In this manuscript, we develop a general stable formalism for modeling plane wave 

propagation in a layered medium consisting of layers of different natures, based on the 

recursive stiffness matrix method. Three layer-natures will be considered in particular: fluid, 

isotropic elastic solid, and isotropic poro-elastic medium, the method having the flexibility to 
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be extended to include other layer-natures. Therefore, a background will be provided in the 

coming section for the plane wave propagation theories in each of these three layer-natures. 

 

 

1.2 Plane Wave Propagation in an Isotropic Elastic Solid 

1.2.1 Stress and Strain in a Deformable Solid 

Consider a cubical volume in a deformable medium. If a force is applied on the top of 

the cube, this latter is compressed in the direction of the force, while the other sides are 

bulged. Hence this force is converted into stresses in different directions, the stress being 

obtained by dividing the force by the surface area on which it is acting. The normal stress 

components applied on the solid face in a direction 𝑖 are denoted by 𝜎 , while the tangential 

components acting on the plan 𝑗 orthogonal to 𝑖 are denoted by 𝜎 . The first subscript refers 

to the direction of the stress component, while the second refers to the normal direction to the 

corresponding cube face. Hence, for example, the stress on the face 𝑥𝑦 of the cube in Figure 

1-1 has three orthogonal components: the normal component 𝜎  along the 𝑧 direction, and 

the two tangential components 𝜎  and 𝜎  along 𝑥 and 𝑦 respectively. Considering also the 

stresses on the 𝑥𝑧 and 𝑦𝑧 faces, nine stress components are counted in total as shown in 

Figure 1-1, and the stress tensor is defined as: 

 𝝈 =

⎣
⎢
⎢
⎢
⎡
𝜎 𝜎 𝜎

𝜎 𝜎 𝜎

𝜎 𝜎 𝜎 ⎦
⎥
⎥
⎥
⎤

 . (1.1)

An important property of this stress tensor is its symmetry, i.e.: 

 𝜎 = 𝜎  , (1.2)

which reduces the number of the stress components to six. 
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Figure 1-1: Applied stresses on the cube faces. 

 

The strain is the deformation response of the volume to the applied force or stress in 

terms of relative displacement of particles in the given volume. It is by definition, the average 

change in two directions, 𝑖 and 𝑗, of the deformed length within the volume that has 

undergone deformation, denoted by 𝜀 . If the displacement due to the elastic wave vibration 

is defined by the vector 𝒖, the strain can be related to the displacement by the Cauchy 

relationship as: 

 𝜀 =
1

2

𝜕𝑢

𝜕𝑗
+

𝜕𝑢

𝜕𝑖
.  (1.3)

It could be noticed from Eq. (1.3) that: 

 𝜀 = 𝜀 , (1.4)

which makes the strain tensor also symmetrical. In the following, the values of 1,2,3 will be 

attributed to each of the subscripts 𝑖 and 𝑗 representing the direction components of  𝑥, 𝑦, and 

𝑧, respectively, under the Cartesian coordinates. 

 

 

 

𝑥 

𝑦 

𝑧 
𝜎  

𝜎  
𝜎  

𝜎  

𝜎  𝜎  

𝜎  

𝜎  
𝜎  
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1.2.2 Stress Strain Relationship for an Isotropic Elastic Solid 

The stress-stain relationships for an elastic solid are given by Hook’s law to be: 

 𝜎 = 𝐶 𝜀 ,     𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3  (1.5)

where 𝐶  is the elasticity or stiffness tensor of rank four, i.e. including 81 components. 

However, since, with reference to Eqs. (1.2) and (1.4), both of the stress and strain tensors are 

symmetrical, then, 𝐶 = 𝐶  and 𝐶 = 𝐶 , and the number of these components can 

then be reduced to 36. Using Voigt notation allows expressing Hook’s law for elasticity in 

matrix form. In this notation, the subscripts 𝑖𝑗 are substituted by the subscript 𝐼, while 𝑘𝑙  are 

replaced by 𝐽, 𝐼 and 𝐽 varying from one to six, where the values of 1, 2, 3, 4, 5, 6 for 𝐼 and 𝐽 

correspond respectively to the subscripts 11, 22, 33, 23, 31, 12 for  𝑖𝑗 and 𝑘𝑙. Hence, Hook’s 

law in Eq. (1.5) can be expressed in matrix form as: 

 [𝝈 ] = 𝑪 𝜺 . (1.6)

In the case of an isotropic elastic solid, the number of independent elasticity 

coefficients is furthermore reduced to two: 𝐶  and 𝐶 . Therefore, the relationship in Eq. 

(1.6) can be explicitly expressed as: 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜎

𝜎

𝜎

𝜎

𝜎

𝜎 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝐶 𝐶 𝐶 0 0 0

𝐶 𝐶 𝐶 0 0 0

𝐶 𝐶 𝐶 0 0 0

0 0 0
𝐶 − 𝐶

2
0 0

0 0 0 0
𝐶 − 𝐶

2
0

0 0 0 0 0
𝐶 − 𝐶

2 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜀

𝜀

𝜀

𝜀

𝜀

𝜀 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 . (1.7)

Thus, an isotropic elastic solid can be described by only the couple of coefficients 𝐶  

and 𝐶 . Alternatively, the behavior of the isotropic elastic solid can be also described by 

other couples of coefficients related to 𝐶  and 𝐶 , such as the Lamé coefficients 𝜆 and 𝜇, 
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where 𝜇 is sometimes denoted by 𝐺 and is called the shear modulus of the material. Another 

used couple of coefficients to describe an isotropic elastic solid is the Young’s modulus 𝐸 

and the Poisson ratio 𝜈. These couples of coefficients are related together as summarized in 

Table 1-1 [47]. The bulk modulus 𝐾  is another constant that describes the elastic property of 

a solid related to the Lamé coefficients by: 

 𝐾 = 𝜆 +
2

3
𝜇 . (1.8)

 

Table 1-1:  Conversion formulas among elastic properties of an isotropic elastic solid. 

 (𝐶 , 𝐶 ) (𝜆, 𝜇) (𝐸, 𝜈) 

𝜆 𝐶  𝜆 
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
 

𝜇 
𝐶 − 𝐶

2
 𝜇 

𝐸

2(1 + 𝜈)
 

𝐸 𝐶 −
2𝐶

𝐶 + 𝐶
 

𝜇 (3𝜆 + 2𝜇)

𝜆 + 𝜇
 𝐸 

𝜈 
𝐶

𝐶 + 𝐶
 

𝜆

2(𝜆 + 𝜇)
 𝜈 

 

The stress-strain expression in Eq. (1.5) can be expressed for an isotropic elastic solid 

in terms of its Lamé coefficients as: 

 𝜎 = 2𝜇𝜀 + 𝛿 𝜆∇. 𝒖,   𝑖, 𝑗 = 1,2,3, (1.9)

where ∇. is the divergence operator, and 𝛿  is the Kronecker delta such that: 

 
𝛿 = 1   𝑖𝑓 𝑖 = 𝑗,

𝛿 = 0   𝑖𝑓 𝑖 ≠ 𝑗.
 (1.10)

 

1.2.3 Wave Equation in an Isotropic Elastic Solid 

For a linear elastic solid having a constant density 𝜌, and neglecting the body forces 

applied to it, the equation of motion can be written as: 
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 𝜌
𝜕 𝑢

𝜕𝑡
=

𝜕𝜎

𝜕𝑥
. (1.11)

Substituting Eqs. (1.3), (1.9), and (1.10) into Eq. (1.11) leads to the elasto-dynamic equation 

describing the displacement in an isotropic elastic solid which can be expressed as [47]: 

 𝜌
𝜕 𝒖

𝜕𝑡
= (𝜆 + 𝜇)∇(∇. 𝒖) + 𝜇∇ 𝒖, (1.12)

where ∇ is the gradient operator, ∇. is the divergence operator and ∇  is the Laplacian. In 

order to decouple the three displacement components 𝑢 , 𝑢 , and 𝑢 , the displacement field 

𝒖 can be decomposed into a scalar potential 𝜙 and a vector potential 𝝍 using Helmholtz 

decomposition, such that: 

 𝒖 = ∇𝜙 + ∇ × 𝝍, (1.13)

with 

 ∇ × (∇𝜙) = 𝟎   and   ∇𝝍 = 0, (1.14)

where ∇ × is the curl operator. 

Substituting the expressions in Eqs. (1.13) and (1.14) into Eq. (1.12) yields to: 

 ∇ 𝜌
𝜕 𝜙

𝜕𝑡
− (𝜆 + 2𝜇)∇ 𝜙 + ∇ × 𝜌

𝜕 𝝍

𝜕𝑡
− 𝜇∇ 𝝍 = 0. (1.15)

In order to satisfy Eq. (1.15), the latter could be replaced by the set of two decoupled 

equations in terms of 𝜙 and 𝝍: 

 

⎩
⎪
⎨

⎪
⎧𝜌

𝜕 𝜙

𝜕𝑡
− (𝜆 + 2𝜇)∇ 𝜙 = 0

𝜌
𝜕 𝝍

𝜕𝑡
− 𝜇∇ 𝝍 = 0

. (1.16)

These two equations show that two types of wave propagate in the isotropic elastic solid 

medium. The first equation corresponds to the propagation of longitudinal waves with a 

speed 𝑐  such that: 
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 𝑐 =
𝜆 + 2𝜇

𝜌
 . (1.17)

The second equation corresponds to the propagation of shear or transverse waves with a 

speed 𝑐  such that:  

 𝑐 =
𝜇

𝜌
 . (1.18)

For the longitudinal waves, the medium undergoes compression and rarefaction in the 

direction of propagation of the wave. Hence the direction of the displacement of the particles 

in the medium, called polarization, is parallel to the direction of propagation as illustrated in 

Figure 1-2 (a). As for the shear or transverse waves, the direction of the displacement of the 

particles in the medium (polarization) is orthogonal to the direction of propagation of the 

wave as shown in Figure 1-2 (b).  

 

 
Figure 1-2: (a) Longitudinal and (b) Shear waves proagation in an isotropic elastic solid. 

 

 

Direction of the wave propagation 

(b) 

(a) 

Polarization 

Polarization 
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1.3 Plane Wave Propagation in a Fluid Medium 

For the fluid medium, the equations could be deduced from the ones of the isotropic 

elastic solid for a vanished shear modulus, i.e. 𝜇 = 0. Then, with reference to Eq. (1.8), the 

fluid bulk modulus is found to be: 

  𝐾 = 𝜆 . (1.19)

If the body forces applied to it are neglected, the elasto-dynamic equation describing 

the displacement in a fluid can be expressed as: 

 𝜌
𝜕 𝒖

𝜕𝑡
= 𝐾∇(∇. 𝒖). (1.20)

The decomposition of the displacement field 𝒖 in the case of the fluid includes only 

irrotational deformations such that: 

 𝒖 = ∇𝜙, (1.21)

with 

 ∇ × (∇𝜙) = 𝟎. (1.22)

Substituting Eqs. (1.21) and (1.22) into Eq. (1.20) leads to: 

 𝜌
𝜕 ∇𝜙

𝜕𝑡
= 𝐾 ∇(∇. ∇𝜙) = 𝐾∇(∇ 𝜙). (1.23)

Eq. (1.23) can be reduced to: 

 ∇ 𝜌
𝜕 𝜙

𝜕𝑡
− 𝐾 ∇ 𝜙 = 0. (1.24)

Therefore, the displacement potential should verify the following equation: 

 
𝜕 𝜙

𝜕𝑡
−

𝐾

𝜌
∇ 𝜙 = 0, (1.25)

which corresponds to the propagation of longitudinal waves with a speed 𝑐  such that: 
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 𝑐 =
𝐾

𝜌
 . (1.26)

In an ideal compressible fluid, the nonzero stress elements are equal to −𝑃  [42] where 

𝑃  is the pressure which is proportional to the dilatation of the fluid (that is the divergence of 

the displacement vector), i.e.: 

 𝑃 = −𝐾 (∇. 𝒖). (1.27)

 

 

1.4 Plane Wave Propagation in an Isotropic Poro-elastic Medium 

1.4.1 Background 

A porous material is a medium that consists of a solid frame, also called matrix or 

skeleton, that incorporates pores typically filled with a fluid. Hence, such a material includes 

two phases: solid and fluid. Interaction arises between these two phases when a sound wave 

propagates in the medium which leads to various physical properties that are not common for 

other classical media [48]. In real life porous materials are encountered in several fields, 

which made the researchers interested in the investigation about the behavior of acoustic 

waves in these media. For example, in the geophysics domain, the characterization of porous 

rocks by the mean of acoustic wave propagation gives information about the rock and soil 

constitution. In the biomedical field, the study of acoustic wave propagation in porous bones 

allows the diagnosis of some bone diseases such as osteoporosis. 

In the developed models by researchers for acoustic wave propagation in porous media, 

two cases were distinguished regarding the rigidity of the porous structure. In the first case, 

when the porous material is filled by a lightweight fluid such as air, the skeleton is considered 

heavy with respect to that fluid. Hence, when an acoustic wave travels through the material, 

the skeleton does not vibrate (stationary), the reason why the porous structure is called rigid. 
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In this case, the wave propagates only in the fluid, with no displacement of the solid phase, 

and the porous medium is approximated to an equivalent fluid, similar to a free fluid whose 

characteristics are modified by the presence of the solid skeleton. The model developed to 

describe this case is called equivalent fluid model. It was established by Zwikker and Kosten 

in 1949 [49], who modeled the acoustic wave in materials incorporating air filled cylindrical 

pores, taking into consideration the thermal and viscous interactions in the medium: the 

viscous effects are taken into account by modifying the density of the fluid phase and the 

thermal effects by modifying its dynamic compressibility modulus.  

The second case is when the porous structure is elastic, which means that the acoustic 

wave propagates in both the skeleton and the filling fluid. This case was elaborated by Biot 

[50, 51] few years later on; in his model, Biot considers the separate motions of the elastic 

solid skeleton and the fluid phase, taking into account the coupling between the two phases. 

Since then, Biot’s model has been considered the most general model to describe the acoustic 

wave propagation in porous saturated media. Contributions to Biot’s model were then 

brought by Attenbourgh [52, 53], Johnson et al. [54], Champoux and Allard [55], and Lafarge 

et al. [56], who introduced some parameters that extend the validity of Biot’s model to 

include a larger frequency range, taking into account the thermal effects that develop when 

the fluid filling the pores is a gas [57]. 

In the following we consider only isotropic homogeneous poro-elastic media saturated 

by fluids (non-gazes), hence the viscous effects are only taken into consideration, while the 

thermal effects are neglected.  

 

1.4.2 Wave Equations in an Isotropic Poro-elastic Material - Biot’s Theory 

As mentioned earlier, Biot’s model considers separate motions of the solid and fluid 

phases in the porous material following an acoustic wave propagation. Thus, in Biot’s theory, 
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the equations of motion for each of the fluid and solid phases are derived based on three types 

of coupling between these two phases: inertial, potential and viscous. 

For an isotropic porous medium, three propagating modes are predicted: two 

longitudinal waves and one shear wave. One of the longitudinal waves is called first type or 

fast wave, while the other is called second type or slow wave. 

Thus, consider an isotropic medium consisting of a porous solid whose connected pore 

space is saturated with a viscous compressible fluid. The fraction of the fluid volume over the 

total medium volume is the porosity 𝜙, and it is assumed to have a constant value. 

The fluid is characterized by its density 𝜌 , its bulk modulus 𝐾 , and its viscosity 𝜂 , while 

the solid by 𝜌 , 𝐾 , and its shear modulus 𝜇 . 

The solid grains are assumed to form an elastic porous dry frame and characterized by a mean 

bulk modulus 𝐾 , a shear modulus 𝜇  and a permeability 𝜅 . 

The bulk porous material is formed when the dry matrix is saturated by the fluid and it is 

characterized by its Lamé constants 𝜆  and 𝜇. 

Furthermore, it is assumed that the shear modulus 𝜇 of the porous saturated (wet) bulk 

material is equal to the shear modulus of the dry matrix 𝜇 . 

The displacement of the solid matrix is designated by the vector 𝒖, while that of the 

fluid by the vector 𝒖 . According to Biot’s theory [50, 58, 59], the total mean displacement in 

the porous saturated bulk material is given by: 

 𝜙𝒖 + (1 − 𝜙)𝒖 = 𝜙 𝒖 − 𝒖 + 𝒖 = 𝒘 + 𝒖, (1.28)

where 𝒘 is called the average fluid displacement relative to the frame measured in terms of 

volume per unit area of the bulk material and is expressed as: 

 𝒘 = 𝜙 𝒖 −  𝒖 . (1.29)
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The strain tensor of the solid 𝜀 (𝒖) is related to the stress tensor of the bulk material 

𝜎 (𝒖, 𝒘) by [50, 58]: 

 𝜎 = 2𝜇𝜀 + 𝛿 (𝜆 ∇. 𝒖 + 𝐷∇. 𝒘),   𝑖, 𝑗 = 𝑥, 𝑦, 𝑧. (1.30)

Moreover, the liquid pressure 𝑃 (𝒖, 𝒘) can be expressed as: 

 𝑃 = −𝐷∇. 𝒖 − 𝑀∇. 𝒘 . (1.31)

The constants 𝐷 and 𝑀 in Eqs. (1.30) and (1.31) are expressed as [60, 61, 62]: 

 

𝐷 = 𝛼𝑀, 

𝑀 =
𝛼 − 𝜙

𝐾
+

𝜙

𝐾
, 

(1.32)

where 

 𝛼 = 1 −
𝐾

𝐾
 . (1.33)

The Lamé constant 𝜆  can be written as [58, 61]: 

 𝜆 = 𝐾 −
2

3
𝜇 , (1.34)

where 

 𝐾 = 𝐾 + 𝛼 𝑀 . (1.35)

The mass density 𝜌 of the bulk material is defined as [59]: 

 𝜌 = (1 − 𝜙)𝜌 + 𝜙𝜌  . (1.36)

Moreover, let 𝑔 and 𝑏 be the mass and viscous coupling coefficients between fluid and 

solid phases, respectively, and 𝑆 the structure factor. They are defined as [60, 63, 62]: 
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𝑔 =
𝑆𝜌

𝜙
 , 

𝑏 =
𝜂

𝜅
 , 

𝑆 =
1

2
1 +

1

𝜙
 . 

(1.37)

Then, assuming that the coefficients 𝜇, 𝜆 , 𝐷, and 𝑀 in Eqs. (1.30) and (1.31) are 

constant, Biot’s equations of motion for fluid-filled porous medium can be written as [50, 58, 

64, 62]: 

 

∇. 𝜎 = 𝐻 ∇(∇. 𝒖) − 𝜇∇ × (∇ × 𝒖) + 𝐷∇(∇. 𝒘) = 𝜌
𝜕 𝒖

𝜕𝑡
+ 𝜌

𝜕 𝒘

𝜕𝑡
 , 

−∇𝑃 = 𝐷∇(∇. 𝒖) + 𝑀∇(∇. 𝒘) = 𝜌
𝜕 𝒖

𝜕𝑡
+ 𝑔

𝜕 𝒘

𝜕𝑡
+ 𝑏

𝜕𝒘

𝜕𝑡
 , 

(1.38)

where 

 𝐻 = 𝜆 + 2𝜇 . (1.39)

 

 

1.5 Conclusion 

In this chapter a historical background has been presented for the different methods that 

has been developed by researchers to model a plane wave propagation through a multilayered 

structure. Since our concern in this work is with three-layer natures that are fluid, isotropic 

solid, and isotropic poro-elastic, a theoretical background has been provided for the plane 

wave propagation in each of these types of media. For the porous material, the models 

developed by researchers for acoustic wave propagation in such a medium have been 

outlined, with a focus on the Biot’s theory which will be employed in this work to model an 

isotropic poro-elastic material.  
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In this thesis, we present a robust and general method for modeling plane wave 

propagation in layered media including fluid, isotropic solid, and isotropic poro-elastic layers 

using the recursive stiffness matrix technique as described by Rokhlin and Wang, which 

proved to be computationally stable and efficient. The boundary conditions at the interfaces 

will be assumed perfect and Biot’s theory will be used for the wave propagation in a fluid-

filled poro-elastic material. In most of the previous work done on multi-layered structures 

including porous layers the porous media were modeled using the Biot’s theory based on 

displacement potential rather than displacement amplitude, which limits some future 

extensibility of the methods. In this work, the equations in the developed matrix formulation 

will be expressed in terms of the displacement amplitudes.  

Hence, at a first place, wave vector numbers will be calculated for each of the three 

natures of media in order to obtain their characteristic matrices. The stiffness matrix for each 

layer will be obtained afterwards and used to develop the recursive algorithm for obtaining 

the whole structure total stiffness matrix. The algorithm developed allows the fusion of 

consecutive layers stiffness matrices even if they were of different sizes, and it permits at the 

end relating the displacements and stresses at the top of the structure to those at the bottom. 

Having that total stiffness matrix, the reflection and transmission coefficients will be 

calculated assuming fluid incidence and transmission media, which allows then the 

calculation of the waves amplitudes inside each layer using a back recursive algorithm. The 

obtained results for a plane wave propagation in the layered media permits subsequently the 

modeling of an acoustic beam propagation through the layered media using the angular 

spectrum technique. 
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CHAPTER 2  

 

DISPLACEMENTS AND STRESSES IN INDIVIDUAL LAYERS OF A 

MULTILAYERED STRUCTURE 

2.1 Introduction 

Given a structure consisting of many layers of various natures, in order to model the 

plane wave propagation in the whole multilayer, one should investigate first about the wave 

behavior in every layer of the structure. Thus, in this chapter, the displacement and stress 

components will be explicitly expressed inside each layer based on its physical nature. Three 

layer-natures will be considered: fluid, isotropic solid, and isotropic poro-elastic medium. 

These displacements and stresses are shown to be related to the amplitudes of the waves 

propagating in that layer through a matrix called layer characteristic matrix, that incorporates 

the medium physical parameters. Afterwards, another matrix, that is called layer stiffness 

matrix, and that relates the displacements to the stresses at the top and bottom of each layer, 

is derived as a function of its characteristic matrix. 

 

 

2.2 Layers Characteristic Matrices 

Consider a multilayer consisting of 𝑁 layers of various material natures and 

thicknesses, bounded by two semi-spaces as shown in Figure 2-1. Each layer is assigned an 

index 𝑖, with 𝑖 varying from 1 to 𝑁, while the upper and lower semi-spaces are allocated 
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indices 0 and 𝑁 + 1, respectively. The interface separating layers 𝑖 − 1 and 𝑖 is attributed the 

index 𝑖. 

 

 
Figure 2-1: A Multilayered structure consisiting of N layers. 

 

For an incident plane wave that hits the upper boundary or interface of the structure 

(𝑧 = 𝑧 ), scattered waves are generated: reflected waves propagate back in the incidence 

medium, and refracted waves are transmitted into the continuing medium to fall incident on 

the second interface at 𝑧 = 𝑧 , and so on. The number and type of the scattered waves at each 

interface depend on the natures of the two media around that interface and on its physical 

characteristics. In the following, we will be considering only flat (planar) interfaces, with 

rigid and smooth contacts. The superscript 𝑚 is used to denote the corresponding excited 

partial plane wave propagating in each layer. 

In general, the total displacement vector in a given layer 𝑖 (𝑧 ≤ 𝑧 ≤ 𝑧 ) is the 

summation of all displacements relative to each propagating partial wave, i.e.: 

 𝒖 (𝑥, 𝑦, 𝑧) = 𝑎  𝒑 𝑒 (𝒌 .  𝒓 ) , (2.1)
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−

, 𝒌𝑖+1

 

𝜃  𝑅 
𝐼 

𝒌  𝒌  
𝑘  𝑘  

𝑇  𝒌  

𝑧1 
ℎ  

𝑧𝑖+2 
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where,  

𝒖𝒊 = 𝑢 , 𝑢 , 𝑢   is the displacement vector in the 𝑖  layer; 

𝒓 = [𝑥, 𝑦, 𝑧 ]  is the position vector in the Cartesian coordinate system; 

𝒌 = 𝑘 , 𝑘 , 𝑘  is the wave vector of the plane wave of index 𝑚 in the 𝑖  layer, and 

𝑘 = (𝑘 ) + (𝑘 ) + (𝑘 )  is the corresponding wave number; 

𝑎  is the amplitude of the displacement of index 𝑚 in the 𝑖  layer; 

 𝒑 = 𝑝 , 𝑝 , 𝑝  is the displacement normalized polarization vector of the plane wave of 

index 𝑚 in the layer 𝑖; 

T denotes a vector transpose. 

In the following, the coordinate system is chosen such that the incident plane overlaps 

with the 𝑥, 𝑧 plane. Hence, the components of all vectors will be expressed only in terms of 𝑥 

and 𝑧. Moreover, for each layer of the structure, a local coordinate origin is defined at the top 

of the 𝑖th layer (𝑧 = 𝑧 ) for the waves propagating in the +𝑧 direction, denoted by the 

superscript 𝑚 , and at the bottom of the 𝑖th layer (𝑧 = 𝑧 ) for the waves propagating in the 

−𝑧 direction, denoted by the superscript 𝑚  (i.e. 𝑚 = 𝑚 , 𝑚 ). The selection of this local 

coordinate system is important since it ensures that the exponential terms are normalized and 

that they are equal to unity at the interface where they are initiated, and decay to zero at the 

opposite surface of the layer [1]. 

The corresponding wave vectors are: 

 𝒌 = 𝑘 𝑘 ,   𝒌 = 𝑘 𝑘 . (2.2)

Applying Snell’s law, the projection on the 𝑥-axis of these wave vectors for all the plane 

waves in all layers should be equal, which yields: 

 𝑘 = 𝑘 = 𝑘 sin 𝜃 = 𝑘          ∀ 𝑖, 𝑚, (2.3)
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where 𝜃  is the plane wave incidence angle at the interface 𝑧 , and  𝑘  is the wave number in 

the incidence medium. If the angles corresponding to the waves in a layer 𝑖 are denoted by 

𝜃 , these angles can be expressed using Eq. (2.3) in terms of the incidence angle 𝜃  as: 

 𝜃 = sin
𝑘 sin 𝜃

𝑘
. (2.4)

If a symmetry is considered around the 𝑧 axis, then, 

 𝑘 = −𝑘 = (𝑘 ) − (𝑘 ) . (2.5)

Consequently, Eq. (2.1) can be written as: 

 𝒖 (𝑥, 𝑧) = 𝑒 (  ) 𝑎 𝒑 𝑒 ( ) + 𝑎 𝒑 𝑒 ( ) . (2.6)

It should be noted that the displacement amplitudes 𝑎  and 𝑎  in Eq. (2.6) differ 

from the amplitudes 𝑎  in Eq. (2.1) by a constant term that is factorized from the exponential 

term due to the change of the coordinate system. However, for simplicity, the same symbol is 

kept in the adopted local coordinate system.  

Let 𝑨  be a column vector consisting of the displacements amplitudes 𝑎  of the partial 

waves in the layer 𝑖, and 𝑼  a displacement-stress column vector including the total 

displacement and stress components in the same layer. By factorizing the partial 

displacements amplitudes in the displacement and stress components expressions in each 

layer, the vector 𝑼  could be expressed in terms of 𝑨  as: 

 𝑼 (𝑥, 𝑧) = [𝑩 ][𝑬 (𝑧)] 𝑨  𝑒 (  )   for 𝑧 ≤ 𝑧 ≤ 𝑧  , (2.7)

where, [𝑬 (𝑧)] is a diagonal square matrix in terms of 𝑧 and that includes exponential powers 

of the partial wave numbers 𝑑𝑖𝑎𝑔 {[𝑬 (𝑧)] } = 𝑒  ( ) 𝑒  ( ) , while [𝑩 ] is 

a square matrix called layer characteristic matrix since its components depend only on the 

layer physical characteristics and its orientation in the defined coordinate system. The 
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components and size of each of the vectors and matrices in Eq. (2.7) depend on the layer 

nature. The corresponding expressions will be developed in the following subsections for 

three material natures: isotropic elastic solid, fluid, and isotropic poro-elastic media. 

 

2.2.1 Characteristic Matrix of an Isotropic Solid Layer 

In an isotropic elastic solid with a density 𝜌  and Lamé coefficients 𝜆 and 𝜇, four 

partial waves can propagate: longitudinal and transverse (or shear) waves each in both 

positive and negative directions as shown in Figure 2-2. Hence, 𝑚 = 𝐿 , 𝑇  and 𝑚 =

𝐿 , 𝑇  [42].  

The angles relative to the longitudinal and transverse waves are denoted by 𝜃  and 𝜃 , 

respectively.  

 

 
Figure 2-2: Wave propagation in an isotropic solid layer 𝒊. 

 

The wave numbers of the longitudinal and transverse waves in the solid layer 𝑖 can be 

expressed as: 

 𝑘 =
𝜔

𝑐
 , 𝑚 = 𝐿, 𝑇 (2.8)

where 𝜔 is the radial frequency and 𝑐  is the corresponding wave velocity defined for the 

longitudinal and shear waves in Eqs. (1.17) and (1.18), respectively. 

𝒑  

𝒑  

𝜃  
𝒌  

𝒌  
𝒌  

𝒌  
𝜃  

𝒑  𝒑  
𝑧 

𝑥 𝑧  

𝑧  
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The components of the displacement normalized polarization vectors in this layer can 

be expressed in terms of 𝜃  and 𝜃  as: 

 
𝒑 = [sin 𝜃 , 0, cos 𝜃 ]  ;  𝒑 = [sin 𝜃 , 0, −cos 𝜃 ] ; 

𝒑 = [−cos 𝜃 , 0, sin 𝜃 ]  ;  𝒑 = [cos 𝜃 , 0, sin 𝜃 ] . 
(2.9)

Since the boundary conditions at an interface that involves a solid layer reflects the 

continuity of the 𝑥 and 𝑧 components of the displacement and the continuity of each of the 𝑥𝑧 

and 𝑧𝑧 components of the stress tensor [65], the displacement-stress column vector of a layer 

𝑖 being an isotropic elastic solid is: 

 𝑼 (𝑥, 𝑧) = [𝑢 (𝑥, 𝑧) 𝑢 (𝑥, 𝑧) 𝜎 (𝑥, 𝑧) 𝜎 (𝑥, 𝑧)]  . (2.10)

The 𝑥 and 𝑧 components of the displacement vector can be expressed using Eq. (2.6) 

as: 

 

𝑢 (𝑥, 𝑧) = 𝑒 (  ) 𝑎

,

𝑝 𝑒 ( ) + 𝑎

,

𝑝 𝑒 ( ) , 

𝑢 (𝑥, 𝑧) = 𝑒 (  ) 𝑎

,

𝑝 𝑒 ( ) + 𝑎

,

𝑝 , 𝑒 ( ) . 

(2.11)

Using the stress-strain relationship of an elastic solid which is given in Eq. (1.9), the 

stress components could be expressed in terms of the displacements amplitudes as: 

 

𝜎 (𝑥, 𝑧) = 𝑗𝜇 𝑒𝑗(𝑘𝑥 𝑥−𝜔𝑡) 𝑎 𝑝 𝑘 𝑒 (𝑧−𝑧𝑖) + 𝑎 𝑝 𝑘 𝑒𝑗𝑘𝑧𝑖
𝑚−

(𝑧−𝑧𝑖+1)  

                                                    +𝑘 𝑎 𝑝 𝑒 (𝑧−𝑧𝑖) + 𝑎 𝑝 𝑒𝑗𝑘𝑧𝑖
𝑚−

(𝑧−𝑧𝑖+1) , 

𝜎 (𝑥, 𝑧) = 𝑗𝑒 (  ) (𝜆 + 2𝜇 ) 𝑎 𝑝 𝑘 𝑒 , (𝑧−𝑧𝑖) + 𝑎 𝑝 𝑘 𝑒𝑗𝑘𝑧𝑖
𝑚−

𝑧−𝑧𝑖+1  

                               +𝜆 𝑘 𝑎 𝑝 𝑒 (𝑧−𝑧𝑖) + 𝑎 𝑝 𝑒𝑗𝑘𝑧𝑖
𝑚−

(𝑧−𝑧𝑖+1) . 

(2.12)
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The column vector 𝑨  that consists of the displacements amplitudes associated with the 

four partial waves in the 𝑖th isotropic elastic solid layer, is: 

 𝑨 = 𝑎 𝑎 𝑎 𝑎 . (2.13)

Thus, the factorization of the components of 𝑨  in each of the components of 𝑼  as 

expressed in Eqs. (2.11) and (2.12) leads to the 4 × 4 square matrices [𝑬 (𝑧)] and [𝑩 ] such 

that: 

 

𝑑𝑖𝑎𝑔 {[𝐸 (𝑧)] } = 𝑒  ( )
𝑒  ( )

𝑒  ( )
𝑒  ( ) , 

[𝑩 ] × =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑝

𝑝

𝑗𝜇 (𝑝 𝑘 + 𝑝 𝑘 )

𝑗 (𝜆 + 2𝜇 )𝑝 𝑘 + 𝜆 𝑝 𝑘 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 ,    𝑚 = 𝐿 , 𝑇 , 𝐿 , 𝑇 . 
(2.14)

 

2.2.2 Characteristic Matrix of a Fluid Layer 

For a fluid layer characterized by its bulk modulus 𝐾 , only longitudinal waves 

propagate in the positive and negative directions (𝑚 = 𝐿  , 𝐿 ) as illustrated in Figure 2-3. 

The equations corresponding to the fluid layer could be deduced from those of the solid 

by assigning to the shear modulus a value of zero and by letting 𝜆 = 𝐾 .  

 
Figure 2-3: Wave propagation in a fluid layer 𝒊. 

 

The system is then reduced to the size of two, the vectors 𝑨  and 𝑼  being: 

𝒑  

𝒑  

𝒌  

𝒌  

𝜃  
𝑥 

𝑧 

𝑧  

𝑧  
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𝑨 = 𝑎 𝑎 , 

𝑼 (𝑥, 𝑧) = [ 𝑢 (𝑥, 𝑧) −𝑃 (𝑥, 𝑧)] , 

(2.15)

where the pressure, 𝑃 , in the fluid could be obtained in terms of the displacement vector 

components as defined in Eq. (1.27). 

The matrices [𝑬 (𝑧)] and [𝑩 ] are 2 × 2 and defined as: 

 

[𝑬 (𝑧)] =
𝑒  ( )

0

0 𝑒  ( )

, 

[𝑩 ] =
𝑝 𝑝

𝑗𝐾 𝑝 𝑘 + 𝑝 𝑘 𝑗𝐾 𝑝 𝑘 + 𝑝 𝑘
.  

(2.16)

 

2.2.3 Characteristic Matrix of a Poro-elastic Isotropic Layer 

In this work, the porous medium is modeled based on the Biot’s theory as defined in 

Section 1.4.2. 

In a poro-elastic layer, six partial waves can propagate: two longitudinal waves each in 

both directions (𝐿 , 𝐿 , 𝐿  and 𝐿 ), and shear waves in both directions as well (𝑇  and 𝑇 ) 

as shown in Figure 2-4. Accordingly, the waves angles are denoted by 𝜃 , 𝜃  and 𝜃 . The 

partial waves 𝐿± and 𝑇± are associated with the solid phase, while the partial waves 𝐿± are 

related to the liquid phase in the bulk porous material.  

 

 
Figure 2-4: Wave propagation in an isotropic poro-elastic layer 𝒊. 
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𝒌  
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𝒑  
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−

 
𝒌𝑖
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−
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In order to obtain the medium characteristic matrix, the wave numbers must be 

calculated first. For calculations simplicity purpose, and since the medium is considered to be 

isotropic, the waves will be represented by their displacement potentials [64] instead of the 

displacement vectors only to derive the wave numbers. 

 

Wave numbers of longitudinal waves 

Let 𝜑  and 𝜓  be the potentials of the solid and the relative fluid displacements, 

respectively, associated with the longitudinal waves: 

 
𝜑 , = 𝑋 , 𝑒

, ( )
 , 𝜑 , = 𝑋 , 𝑒

, ( )
 , 

𝜓 , = 𝑌 , 𝑒
, ( )

 , 𝜓 , = 𝑌 , 𝑒
, ( )

 , 

(2.17)

where 𝑋 ,
±

 and 𝑌 ,
±

 are the amplitudes of the potentials of the solid and the relative fluid 

displacements, respectively. 

For longitudinal waves, the displacement vectors are related to their potentials by: 

 
𝒖𝑳 = ∇𝜑  , 

𝒘𝑳 = ∇𝜓  . 
(2.18)

After expressing the displacement vectors for the longitudinal waves in terms of their 

potentials amplitudes, and then replacing them in the Biot’s equations of motion, i.e. in Eq. 

(1.38), the following system of equations is obtained: 

 
−𝐻 (𝑘 ) + 𝜌𝜔 −𝐷(𝑘 ) + 𝜌 𝜔

−𝐷(𝑘 ) + 𝜌 𝜔 −𝑀(𝑘 ) + 𝑔𝜔 − 𝑗𝑏𝜔

𝑋

𝑌

=
0

0
 . (2.19)

For the system to have non-trivial solutions 𝑋  and 𝑌 , the matrix determinant shall be 

zero: 
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−𝐻 (𝑘 ) + 𝜌𝜔 −𝐷(𝑘 ) + 𝜌 𝜔

−𝐷(𝑘 ) + 𝜌 𝜔 −𝑀(𝑘 ) + 𝑔𝜔 − 𝑗𝑏𝜔
= 0. (2.20)

The expression in Eq. (2.20) leads to a fourth order equation of the following form: 

 𝐺(𝑘 ) + 𝐹(𝑘 ) + 𝑂 = 0 , (2.21)

where 

 

𝐺 = 𝐻 𝑀 − 𝐷  , 

𝐹 = 𝜔 −𝐻 𝑔 − 𝑀𝜌 + 2𝐷𝜌 + 𝑗𝜔𝐻 𝑏, 

𝑂 = 𝜔 𝜌𝑔 − 𝜌 − 𝑗𝜔 𝜌𝑏. 

(2.22)

Eq. (2.21) could be expressed as a quadratic equation with a discriminant Δ such that: 

 Δ = 𝐹 − 4𝐺𝑂 , (2.23)

which leads to two distinct solutions of the equation, that are the wavenumbers of the 

longitudinal waves of types 1 and 2, respectively: 

 𝑘 , =
−𝐹 ± √𝐹 − 4𝐺𝑂

2𝐺
 . (2.24)

Subsequently, the 𝑧-component of the wave vectors of the longitudinal waves can be obtained 

as follows: 

 𝑘 , = −𝑘 , = 𝑘 , cos 𝜃 , .  (2.25)

Besides obtaining the wavenumbers and the wave vector components, the system of 

equations in Eq. (2.19) allows to determine a relationship between the amplitudes of the 

potentials of the solid and the relative fluid displacements associated with the longitudinal 

waves. This relationship is expressed as: 

 𝑌 = 𝛾 𝑋 , 𝛾 =
−𝐻 (𝑘 ) + 𝜌𝜔

𝐷(𝑘 ) − 𝜌 𝜔
 . (2.26)
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Wave numbers of shear waves 

Let 𝜑  and 𝜓  be the potentials of the solid and the relative fluid displacements, 

respectively, associated with the transverse or shear waves: 

 
𝜑 = 𝑋 𝑒

( )
 , 𝜑 = 𝑋 𝑒 ( )  , 

𝜓 = 𝑌 𝑒
( )

 , 𝜓 = 𝑌 𝑒 ( )  , 

(2.27)

where 𝑋
±

 and 𝑌
±

 are the amplitudes of the potentials of the solid and the relative fluid 

displacements, respectively. 

For shear waves, the displacement vectors are related to their potentials by: 

 

𝒖𝑻 = ∇ × 𝜑 = −
𝜕𝜑

𝜕𝑧
0

𝜕𝜑

𝜕𝑥
 , 

𝒘𝑻 = ∇ × 𝜓 = −
𝜕𝜓

𝜕𝑧
0

𝜕𝜓

𝜕𝑥
 . 

(2.28)

After expressing the displacement vectors for the shear waves in terms of their 

potentials amplitudes, and then replacing them in the Biot’s equations of motion, i.e. in Eq. 

(1.38), the following system of equations is obtained: 

 
𝜇(𝑘 ) − 𝜌𝜔 −𝜌 𝜔

𝜌 𝜔 𝑔𝜔 − 𝑗𝑏

𝑋

𝑌

=
0

0
 . (2.29)

For the system to have non-trivial solutions 𝑋  and 𝑌 , the matrix determinant shall be 

zero: 

 
𝜇(𝑘 ) − 𝜌𝜔 −𝜌 𝜔

𝜌 𝜔 𝑔𝜔 − 𝑗𝑏
= 0 , (2.30)

which yields: 

 (𝑘 ) =
𝜔

𝜇
𝜌 −

𝜌

𝑔 − 𝑗𝑏 𝜔⁄
 . (2.31)

Thus, the wavenumber of the shear wave propagating in the porous medium is: 
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 𝑘 =
𝜔

𝜇
𝜌 −

𝜌

𝑔 − 𝑗𝑏 𝜔⁄
 . (2.32)

Subsequently, the wave vector 𝑧-component of the shear wave could be obtained as follows: 

 𝑘 = −𝑘 = 𝑘 cos 𝜃  . (2.33)

Moreover, the relationship between the amplitudes of the potentials of the solid and the 

relative fluid displacements associated with the shear waves can be derived from the system 

in Eq. (2.29), that is, 

 𝑌 = 𝛾 𝑋 , 𝛾 =
𝜇(𝑘 ) + 𝜌𝜔

𝜌 𝜔
 . (2.34)

 

Having determined the wave numbers in the poro-elastic layer 𝑖, the total solid 

displacement vector in that layer can be expressed as: 

 

𝒖 (𝑥, 𝑧) = 𝒖 (𝑥, 𝑧)   , 𝑚 = 𝐿 , 𝐿 , 𝑇 , 𝐿 , 𝐿 , 𝑇  

                = ∇𝜑 + ∇𝜑 + ∇ × 𝜑 + ∇𝜑 + ∇𝜑 + ∇ × 𝜑 . 

(2.35)

The corresponding vector components are thus: 

 

𝑢 (𝑥, 𝑧) = 𝑗𝑒 ( ) 𝑘 𝑋 𝑒  ( )

,

+ 𝑋 𝑒  ( )

,

 

− 𝑘 𝑋 𝑒  ( )
− 𝑘 𝑋 𝑒  ( )

, 

𝑢 (𝑥, 𝑧) = 𝑗𝑒 ( ) 𝑘 𝑋 𝑒  ( )

,

+ 𝑘 𝑋 𝑒  ( )

,

+ 𝑘 𝑋 𝑒  ( )
+ 𝑋 𝑒  ( )

. 

(2.36)
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Similarly, the total relative fluid displacement in the poro-elastic layer 𝑖 is expressed as: 

 

𝒘 (𝑥, 𝑧) = 𝒘 (𝑥, 𝑧)  , 𝑚 = 𝐿 , 𝐿 , 𝑇 , 𝐿 , 𝐿 , 𝑇  

                 = ∇𝜓 + ∇𝜓 + ∇ × 𝜓 + ∇𝜓 + ∇𝜓 + ∇ × 𝜓  , 

(2.37)

The corresponding vector components are thus: 

 

𝑤 (𝑥, 𝑧) = 𝑗𝑒 ( ) 𝑘 𝑌 𝑒
( )

,

+ 𝑌 𝑒

,

 

− 𝑘 𝑌 𝑒  ( )
− 𝑘 𝑌 𝑒  

 

, 

𝑤 (𝑥, 𝑧) = 𝑗𝑒 ( ) 𝑘 𝑌 𝑒
( )

,

+ 𝑘 𝑌 𝑒

,

+ 𝑘 𝑌 𝑒  ( )
+ 𝑌 𝑒  

 

. 

(2.38)

Since the boundary conditions at an interface involving a poro-elastic layer reflect the 

continuity of the 𝑥 and 𝑧 components of the solid displacement, the continuity of the 𝑧 

component of the relative fluid displacement, the continuity of each of the 𝑥𝑧 and 𝑧𝑧 

components of the stress tensor, and the continuity of the fluid pressure [60], the 

displacement-stress column vector of a poro-elastic layer 𝑖 is: 

 𝑼 (𝑥, 𝑧) = [𝑢 (𝑥, 𝑧) 𝑢 (𝑥, 𝑧) 𝑤 (𝑥, 𝑧) 𝜎 (𝑥, 𝑧) 𝜎 (𝑥, 𝑧) 𝑃 (𝑥, 𝑧)]  . (2.39)

By substituting Eqs. (2.36) and (2.38) in Eqs. (1.30) and (1.31), and taking into account 

the amplitudes relationship as defined in Eqs. (2.26) and (2.34), the stresses are expressed can 

be expressed as follows: 
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𝜎 (𝑥, 𝑧) = 𝑒 ( ) −2𝜇 𝑘 𝑘 𝑋 𝑒  ( )
+ 𝑘 𝑋 𝑒  ( )

+ 𝜇  𝑘 − 𝑘 𝑋 𝑒
( )

+ 𝑘 − 𝑘 𝑋 𝑒  ( )
, 

 

𝜎 (𝑥, 𝑧) = 𝑒 ( ) −2𝜇 𝑘 − 𝑘 𝜆 + 𝛾 𝐷 𝑋 𝑒   ( )

+ −2𝜇 𝑘 − (𝑘 ) 𝜆 + 𝛾 𝐷 𝑋 𝑒   ( )

− 2𝜇 𝑘 𝑘 𝑋 𝑒
( )

+ 𝑘 𝑋 𝑒  ( )
, 

(2.40)

 

𝑃 (𝑥, 𝑧) = 𝑒 ( ) 𝐷 + 𝛾 𝑀 𝑘 𝑋 𝑒  ( )

+ (𝐷 + 𝛾 𝑀 ) (𝑘 ) 𝑋 𝑒  ( )
. 

The terms of Eq. (2.36) can be rearranged as follows: 

 

𝑢 (𝑥, 𝑧) = 𝑒𝑗(𝑘𝑥𝑥−𝜔𝑡) 𝑗𝑘𝑖
𝐿+

sin 𝜃𝑖
𝐿+

𝑋𝑖
𝐿+

𝑒𝑗𝑘𝑧𝑖
𝐿+

 ( )

𝐿+

+ 𝑗𝑘𝑖
𝐿−

sin 𝜃𝑖
𝐿−

𝑋𝑖
𝐿−

𝑒𝑗𝑘𝑧𝑖
𝐿−

(𝑧−𝑧𝑖+1)

𝐿−

− 𝑗𝑘𝑖
𝑇 cos 𝜃𝑖

𝑇 𝑋𝑖
𝑇+

𝑒𝑗𝑘𝑧𝑖
𝑇+

( ) − 𝑋𝑖
𝑇−

𝑒𝑗𝑘𝑧𝑖
𝑇−

 (𝑧−𝑧𝑖+1) , 

𝑢 (𝑥, 𝑧) = 𝑒𝑗(𝑘𝑥𝑥−𝜔𝑡) 𝑗𝑘𝑖
𝐿+

cos 𝜃𝑖
𝐿+

𝑋𝑖
𝐿+

𝑒𝑗𝑘𝑧𝑖
𝐿+

( )

𝐿+

− 𝑗𝑘𝑖
𝐿−

cos 𝜃𝑖
𝐿−

𝑋𝑖
𝐿−

𝑒𝑗𝑘𝑧𝑖
𝐿−

 (𝑧−𝑧𝑖+1)

𝐿−

+ 𝑗𝑘𝑖
𝑇 sin 𝜃𝑖

𝑇 𝑋𝑖
𝑇+

𝑒𝑗𝑘𝑧𝑖
𝑇+

( ) + 𝑋𝑖
𝑇−

𝑒𝑗𝑘𝑧𝑖
𝑇−

 (𝑧−𝑧𝑖+1) . 

(2.41)

With reference to Eq. (2.6), the displacement vector components in Eq. (2.41) can be 

expressed as: 
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𝑢 (𝑥, 𝑧) = 𝑒 ( ) 𝑎 𝑝 𝑒  ( )
+ 𝑎 𝑝 𝑒

(𝑧−𝑧𝑖+1)

+ 𝑎 𝑝 𝑒
( )

+ 𝑎 𝑝 𝑒  (𝑧−𝑧𝑖+1)
, 

𝑢 (𝑥, 𝑧) = 𝑒 ( ) 𝑎 𝑝 𝑒  ( )
+ 𝑎 𝑝 𝑒

(𝑧−𝑧𝑖+1)

+ 𝑎 𝑝 𝑒
( )

+ 𝑎 𝑝 𝑒  (𝑧−𝑧𝑖+1)
. 

(2.42)

By comparing Eqs. (2.41) and (2.42), and identifying the terms, the displacement 

vectors amplitudes and the waves polarization vectors can be expressed as: 

 

𝑎 = 𝑗𝑘 𝑋  ,       𝑎 = 𝑗𝑘 𝑋 , 

𝒑 , = [sin 𝜃 , 0 cos 𝜃 , ]  ;  𝒑 , = [sin 𝜃 , 0 −cos 𝜃 , ] ; 

𝒑 = [−cos 𝜃 0 sin 𝜃 ]  ;  𝒑 = [cos 𝜃 0 sin 𝜃 ] . 

(2.43)

Hence, the remaining components of the displacement-stress vector of the poro-elastic 

layer 𝑖, 𝑼 (𝑥, 𝑧), can be expressed in terms of the displacement vectors amplitudes rather than 

the potentials amplitudes as follows: 
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𝑤 (𝑥, 𝑧) = 𝑗𝑒 ( ) 𝑎 𝛾 𝑝 𝑒  ( )

,

+ 𝑎 𝛾 𝑝 𝑒  ( )

,

+ 𝑎 𝛾 𝑝 𝑒  ( )
+ 𝑎 𝛾 𝑝 𝑒  ( )

, 

𝜎 (𝑥, 𝑧) = 𝑒𝑗(𝑘𝑥𝑥−𝜔𝑡) 𝑗2𝜇  𝑘 𝑎 𝑝 𝑝 𝑒 𝑘𝑧𝑖
𝐿+

(𝑧−𝑧𝑖) +  𝑘 𝑎 𝑝 𝑝 𝑒 𝑘𝑧𝑖
𝐿−

(𝑧−𝑧𝑖+1)

+ 𝑗𝜇 𝑘𝑖
𝑇  𝑝

𝑧𝑖

𝑇+
2

− 𝑝
𝑥𝑖

𝑇+
2

𝑎𝑖
𝑇+

𝑒𝑗𝑘𝑧𝑖
𝑇+

(𝑧−𝑧𝑖) + 𝑝
𝑧𝑖

𝑇−
2

− 𝑝
𝑥𝑖

𝑇−
2

𝑎𝑖
𝑇−

𝑒𝑗𝑘𝑧𝑖
𝑇−

(𝑧−𝑧𝑖+1) , 

 

𝜎 (𝑥, 𝑧) = 𝑒 ( ) 𝑗𝑘 2𝜇 𝑝 + 𝜆 + 𝛾 𝐷 𝑎 𝑒  ( )

+ 𝑗𝑘 2𝜇 𝑝 + 𝜆 + 𝛾 𝐷 𝑎 𝑒  ( )

− 𝑗2𝜇 𝑘 𝑝 𝑝 𝑎 𝑒
( )

+ 𝑝 𝑝 𝑎 𝑒  ( )
, 

(2.44)

 

𝑃 (𝑥, 𝑧) = 𝑒 ( ) −𝑗 𝐷 + 𝛾 𝑀 𝑘 𝑎 𝑒  ( )

+ −𝑗(𝐷 + 𝛾 𝑀 ) 𝑘 𝑎 𝑒  ( )
. 

The column vector 𝑨 , consisting of the displacements amplitudes associated with the 

six partial waves in the 𝑖th isotropic poro-elastic layer, is: 

 𝑨 = 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 . (2.45)

Thus, the factorization of the components of 𝑨  in each of the components of 𝑼  as 

expressed in Eqs. (2.42) and (2.44) leads to the 6 × 6 square matrices [𝑬 (𝑧)] and [𝑩 ] such 

that: 
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𝑑𝑖𝑎𝑔 {[𝑬 (𝑧)] } =  
𝑒

 ( )
𝑒

 ( )
𝑒  ( ) 

𝑒
 ( )

𝑒
 ( )

𝑒  ( ) , 

[𝑩 ] =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑝

𝑝

𝛾 𝑝

[𝑪 ] ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 , 𝑚 = 𝐿±, 𝐿±, 𝑇±, 

(2.46)

where: 

 [𝑪 ] =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

  
⎣
⎢
⎢
⎢
⎡

𝑗2𝜇 𝑘 𝑝 𝑝

𝑗𝑘 2𝜇 𝑝 + 𝜆 + 𝐷 𝛾

−𝑗(𝐷 + 𝛾 𝑀 )𝑘 ⎦
⎥
⎥
⎥
⎤

 , for 𝑚 = 𝐿±, 𝐿±,

⎣
⎢
⎢
⎢
⎡𝑗𝜇 𝑘 𝑝 − 𝑝

−𝑗2𝜇 𝑘 𝑝 𝑝

0 ⎦
⎥
⎥
⎥
⎤

 , for 𝑚 = 𝑇±.

 (2.47)

 

 

2.3 Layers Stiffness Matrices 

In this section, the stiffness matrix of a layer 𝑖 will be derived. By definition, this 

matrix relates the stress components to the displacement components at the top and bottom 

surfaces of that layer. It is to be noted that the time harmonic dependence term 𝑒  will be 

suppressed in the subsequent expressions intentionally without any loss of generality.  

In the following, the displacement-stress vector 𝑼  will be subdivided into two column 

vectors each of length 𝑛 : 𝑼 (𝑥, 𝑧) = [𝒗 (𝑥, 𝑧) 𝑻 (𝑥, 𝑧)] , 𝒗  consisting of the displacement 

vectors components, and 𝑻  comprising the stress components. It is to be noted that the 

variable 𝑛  takes the value of 1, 2, or 3 for fluid, isotropic solid, and porous layers, 
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respectively. Hence, if the square characteristic matrices obtained in Section 2.2 are 

subdivided into four square matrices of the same size, i.e.: 

 [𝑩 ] × =

[𝑩 ] × [𝑩 ] ×

[𝑩 ] × [𝑩 ] ×

,  (2.48)

𝒗  and 𝑻  can be expressed with reference to Eq. (2.7) as: 

 
                 𝒗 (𝑥, 𝑧) = [[𝑩 ] [𝑩 ]] [𝑬 (𝑧)] 𝑨  𝑒 (  ) , 

 𝑻 (𝑥, 𝑧) = [[𝑩 ] [𝑩 ]] [𝑬 (𝑧)] 𝑨  𝑒 (  ),  for 𝑧 ≤ 𝑧 ≤ 𝑧  . 
(2.49)

The displacement components vector at the upper (𝑧 = 𝑧 ) and lower (𝑧 = 𝑧 ) 

surfaces of the layer 𝑖 can be then expressed as: 

 
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
=

[𝑩 ] [𝑩 ][𝑯 ]

[𝑩 ][𝑯 ] [𝑩 ]

𝑨

𝑨
𝑒 (  ) = [𝑬 ]𝑨 𝑒   ,   (2.50) 

where  [𝑯 ] and [𝑯 ] are square 𝑛 × 𝑛 diagonal matrices whose elements are 𝑑𝑖𝑎𝑔{[𝑯 ]} =

𝑒  and 𝑑𝑖𝑎𝑔{[𝑯 ]} = 𝑒 , ℎ  is the layer thickness i.e. ℎ = 𝑧 − 𝑧 , and 𝑨  

and 𝑨  are column vectors of length 𝑛  whose elements are the displacement amplitudes of 

the partial plane waves in the +𝑧 and −𝑧 directions, respectively. If a symmetry is 

considered around the 𝑧 axis and by referring to Eq. (2.5), 𝑒 = 𝑒 , and [𝑯 ] =

[𝑯 ]. 

Similarly, the stress components vectors obtained in Section 2.2 for the three layer- 

natures can be expressed at the top and bottom surfaces of the layer 𝑖 in terms of 𝑨  and 𝑨 , 

which yields: 

 
𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=

[𝑩 ] [𝑩 ][𝑯 ]

[𝑩 ][𝑯 ] [𝑩 ]

𝑨

𝑨
𝑒 (  ) = [𝑬 ]𝑨 𝑒   .  (2.51) 

If the term 𝑨𝒊𝑒   in Eq. (2.50) is substituted into Eq. (2.51), either the layer stiffness 

matrix [𝑲 ] ×   or  the compliance matrix [𝑺 ] ×   can be obtained. These matrices relate 



42 
 

the stresses to the displacements at the top and bottom surfaces of layer 𝑖 as follows: 

 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
= [𝑬 ][𝑬 ]

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
= [𝑲 ]

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 , 

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
= [𝑬 ][𝑬 ]

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
= [𝑺 ] 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
 , 

(2.52) 

where  

 [𝑺 ] = [𝑲 ]  . (2.53)

In the following subsections, the stiffness matrix derivation will be presented in details 

for each layer nature based on the layers physical parameters and characteristic matrices 

obtained in Section 2.2. 

 

2.3.1 Stiffness Matrix of a Fluid Layer 

For a fluid layer 𝑖, the displacements and stress components vectors are respectively: 

 
𝒗 (𝑥, 𝑧) = 𝑢 (𝑥, 𝑧), 

 𝑻 (𝑥, 𝑧) = −𝑃 (𝑥, 𝑧). 
(2.54)

Then, the stiffness matrix of the fluid layer relates the (𝑧, 𝑧) component of the stress 

tensor to the 𝑧 component of the displacement vector at the top and bottom surfaces of the 

layer as follows: 

 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=

−𝑃 (𝑥, 𝑧 )

−𝑃 (𝑥, 𝑧 )
= [𝑲 ] ×

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

                                                           = [𝑲 ] ×

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )
. 

(2.55)

If the fluid characteristic matrix in Eq. (2.16) is written as: 
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 [𝑩 ] × =
𝐵 𝐵

𝐵 𝐵
, (2.56)

its stiffness matrix [𝑲 ] can be expressed as: 

 

[𝑲 ] × = [𝑬 ][𝑬 ]  

                =
𝐵 𝐵 𝑒

𝐵 𝑒 𝐵

𝐵 𝐵 𝑒

𝐵 𝑒 𝐵

. 
(2.57) 

 

2.3.2 Stiffness Matrix of an Isotropic Elastic Solid Layer 

For an isotropic elastic solid layer 𝑖, the displacements and stress components vectors 

are respectively: 

 

𝒗 (𝑥, 𝑧) =

𝑢 (𝑥, 𝑧)

𝑢 (𝑥, 𝑧)
, 

 𝑻 (𝑥, 𝑧) =

𝜎 (𝑥, 𝑧)

𝜎 (𝑥, 𝑧)
. 

(2.58) 

Then, the stiffness matrix of the isotopic elastic solid layer relates the (𝑥, 𝑧) and (𝑧, 𝑧) 

components of the stress tensor to the 𝑥 and 𝑧 components of the displacement vector, 

respectively, at the top and bottom surfaces of the layer, as follows: 

 
𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝜎 (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎤

= [𝑲 ]4×4

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 (2.59)
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                                                         = [𝑲 ]4×4

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎤

. 

If the isotropic elastic solid characteristic matrix in Eq. (2.14) is subdivided into four 

square matrices of the same size, i.e.: 

 [𝑩 ]4×4 =
[𝑩 ]2×2 [𝑩 ]2×2

[𝑩 ]2×2 [𝑩 ]2×2

, (2.60) 

its stiffness matrix [𝑲 ] can be expressed as: 

 

[𝑲 ]4×4 = [𝑬 ][𝑬 ]

=
[𝑩 ]2×2 [𝑩 ]2×2[𝑯 ]2×2

[𝑩 ]2×2[𝑯 ]2×2 [𝑩 ]2×2

[𝑩 ]2×2 [𝑩 ]2×2[𝑯 ]2×2

[𝑩 ]2×2[𝑯 ]2×2 [𝑩 ]2×2

 
(2.61) 

where [𝑯 ] and [𝑯 ] are 2 × 2 diagonal square matrices whose elements are: 

 

𝑑𝑖𝑎𝑔{[𝑯 ] } = 𝑒       𝑒 , 

𝑑𝑖𝑎𝑔{[𝑯 ] } = 𝑒       𝑒 . 

(2.62) 

 

2.3.3 Stiffness Matrix for an Isotropic Poro-elastic Layer 

For an isotropic poro-elastic layer 𝑖, the displacements and stress components vectors 

are respectively: 
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𝒗 (𝑥, 𝑧) =

⎣
⎢
⎢
⎢
⎡
𝑢 (𝑥, 𝑧)

𝑢 (𝑥, 𝑧)

𝑤 (𝑥, 𝑧)⎦
⎥
⎥
⎥
⎤

, 

 𝑻 (𝑥, 𝑧) =

⎣
⎢
⎢
⎢
⎡
𝜎 (𝑥, 𝑧)

𝜎 (𝑥, 𝑧)

𝑃 (𝑥, 𝑧) ⎦
⎥
⎥
⎥
⎤

. 

(2.63) 

Then, the stiffness matrix of the isotropic poro-elastic layer relates the (𝑥, 𝑧) and (𝑧, 𝑧) 

components of the stress tensor and the fluid pressure to the 𝑥 and 𝑧 components of the solid 

displacement and the 𝑧 component of the relative fluid displacement respectively, at the top 

and bottom surfaces of the layer, as follows: 

 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜎 (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )

P (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )

𝑃 (𝑥, 𝑧 ) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= [𝑲 ] ×

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

                                                         = [𝑲 ] ×

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )

𝑤 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )

𝑤 (𝑥, 𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

(2.64)

If the isotropic poro-elastic layer characteristic matrix in Eq. (2.46) is subdivided into 

four square matrices of the same size, i.e.: 
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 [𝑩 ]6×6 =
[𝑩 ]3×3 [𝑩 ]3×3

[𝑩 ]3×3 [𝑩 ]3×3

, (2.65) 

its stiffness matrix [𝑲 ] can be expressed as: 

 

[𝑲 ]6×6 = [𝑬 ][𝑬 ]

=
[𝑩 ]3×3 [𝑩 ]3×3[𝑯 ]3×3

[𝑩 ]3×3[𝑯 ]3×3 [𝑩 ]3×3

[𝑩 ]3×3 [𝑩 ]3×3[𝑯 ]3×3

[𝑩 ]3×3[𝑯 ]3×3 [𝑩 ]3×3

 
(2.66) 

where [𝑯 ] and [𝑯 ] are 3 × 3 diagonal square matrices whose elements are: 

 

𝑑𝑖𝑎𝑔{[𝑯 ] } = 𝑒      𝑒       𝑒 , 

𝑑𝑖𝑎𝑔{[𝑯 ] } = 𝑒      𝑒       𝑒 . 

(2.67) 

 

 

2.4 Conclusion 

The characteristic matrix of a layer has been derived for three layer-natures: fluid, 

isotropic elastic solid, and isotropic poro-elastic. This matrix relates the displacements and 

stresses in that layer to the displacement amplitudes of the partial plane waves propagating in 

the layer. Its components have been found to be dependent on the layer physical 

characteristics, as well as on the incident plane wave frequency 𝜔, and its incidence angle 𝜃  

at the interface 𝑧 . Having determined the layer characteristic matrix, its stiffness matrix has 

been derived and it relates the displacements to the stresses at the top of the layer to those at 

its bottom. 
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CHAPTER 3  

 

DEVELOPED ALGORITHM FOR PLANE WAVE PROPAGATION IN 

MULTILAYERED MEDIA  

3.1 Introduction 

In this chapter, a recursive algorithm is developed to model the propagation of a plane 

wave that is incident on a multilayer with an incidence angle 𝜃  and a frequency 𝜔. All the 

layers of the structure are merged into a single equivalent layer by coupling the individual 

layers stiffness matrices into one total stiffness matrix. This latter relates the displacement 

and stress components at the top of the multilayer to those at the bottom and incorporates the 

physical parameters of all the layers, taking into account the boundary conditions at every 

interface separating two consecutive layers. Having computed the total stiffness matrix of the 

multilayered structure, the reflection coefficient in the incidence medium and the 

transmission coefficient in the transmission medium are calculated. Subsequently, the 

displacement amplitudes of the partial plane waves inside each layer are calculated through a 

back recursive algorithm. 

Before proceeding with the derivation in details, the boundary conditions at interfaces 

separating any two layers of the three considered natures (fluid, isotropic elastic solid, and 

isotropic poro-elastic medium) are presented. 
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3.2 Interfaces Boundary Conditions 

Consider the interface 𝑧  between two consecutive layers 𝑖 − 1 and 𝑖. If these layers are 

of the same nature, the boundary conditions are expressed as the continuity of all the 

components of the displacement-stress vector, i.e. 𝑼 (𝑧 ) = 𝑼 (𝑧 ). 

However, when the two layers are of distinct natures, the boundary conditions are 

expressed as listed hereinafter [46, 61, 66, 67]. 

 

3.2.1 Fluid-Isotropic Elastic Solid Interface: 

The subscript 𝐹 denotes the fluid layer, and 𝑆 the solid layer. Hence, the boundary 

conditions at the interface separating fluid and isotropic elastic solid layers are: 

 

⎩
⎪
⎨

⎪
⎧

 

𝑢 (𝑧 ) = 𝑢 (𝑧 ),

𝜎 (𝑧 ) = 0,

𝜎 (𝑧 ) = −𝑃 (𝑧 ).

 (3.1) 

 

3.2.2 Fluid-Porous Interface: 

In this work, a free flow is considered across the fluid-porous interface. In other words, 

the fluid-porous interface is considered as an open-pores interface. The subscript 𝐹 denotes 

the fluid layer, and 𝑃 the porous layer; 𝑃  refers to the fluid pressure in the fluid layer, while 

𝑃  designates the pressure of the fluid phase in the porous layer. The boundary conditions at 

the interface separating the fluid and isotropic poro-elastic layers are expressed as: 

 

⎩
⎪⎪
⎨

⎪⎪
⎧

 

𝑢 (𝑧 ) + 𝑤 (𝑧 ) = 𝑢 (𝑧 ),

𝜎 (𝑧 ) = 0,

𝜎 (𝑧 ) = −𝑃 (𝑧 ),

𝑃 (𝑧 ) = 𝑃 (𝑧 ).

 (3.2) 

 



49 
 

3.2.3 Solid-Porous Interface: 

The solid is impermeable and there is no free flow across the solid-porous interface. 

That is, this latter is considered as a closed-pores interface. The subscript 𝑆 denotes the solid 

layer, and 𝑃 the porous layer. Therefore, the boundary conditions at the interface separating 

isotropic elastic solid and isotropic poro-elastic layers are given by: 

 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

 

𝑢 (𝑧 ) = 𝑢 (𝑧 ),

𝑢 (𝑧 ) = 𝑢 (𝑧 ),

𝜕𝑤 (𝑧 )

𝜕𝑡
= 0 ⟹ 𝑤 (𝑧 ) = 0,

𝜎 (𝑧 ) = 𝜎 (𝑧 ),

𝜎 (𝑧 ) = 𝜎 (𝑧 ).

 (3.3) 

 
 

 
 

3.3 Total Stiffness Matrix of Multilayered Media 

In this section, the recursive stiffness matrix method proposed by Rokhlin and Wang 

[1] is applied in order to merge the stiffness matrices of the structure individual layers 

obtained in Section 2.3 into one total stiffness matrix.  

In the original work, a recursive algorithm was developed to build the total stiffness 

matrix of a multilayered structure based on the stiffness matrices of individual layers that 

have the same nature, i.e. the sizes of these stiffness matrices should be equal and there is a 

continuity of all the components of the displacement-stress vector at every interface. 

However, in this work, a more general algorithm is developed that computes the global 

stiffness matrix of a multilayer whose layers could be of any of the three types of physical 

media (i.e. fluid, isotropic solid and isotropic poro-elastic media). Moreover, the developed 

approach could be extended in the future to include more general cases such as anisotropic or 

piezoelectric media.   
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3.3.1 Algorithm Concept 

Starting with layer 1, since no other precedes it, the first total stiffness matrix 𝑲𝑮  

will be nothing but the stiffness matrix of the layer 1 [𝑲 ], i.e.:  

 𝑲𝑮 = [𝑲 ]. (3.4) 

Then, moving to the interface at 𝑧 = 𝑧 , as shown in Figure 3-1, each of the 

displacements and stresses in layers 1 and 2, around that interface, (𝒗 (𝑥, 𝑧 ), 𝒗 (𝑥, 𝑧 ) and 

𝑻 (𝑥, 𝑧 ), 𝑻 (𝑥, 𝑧 )) can be related using the corresponding boundary conditions. Hence, the 

displacements and stresses at the top of the layer 1 (𝒗 (𝑥, 𝑧 ) and 𝑻 (𝑥, 𝑧 )) and those at the 

bottom of the layer 2 (𝒗 (𝑥, 𝑧 ) and 𝑻 (𝑥, 𝑧 )) can be related by excluding the previously 

mentioned components at the interface. 

 

 
Figure 3-1: Merging of the stiffness matrices for the first two layers. 

 

Thus, the coupling of 𝑲𝑮  and [𝑲 ] will lead to the first two layers total stiffness 

matrix 𝑲𝑮 . The same work can be done at the interface 𝑧  in order to combine the first two 

layers total stiffness matrix 𝑲𝑮  with the third layer stiffness matrix [𝑲 ], and to obtain the 

first three layers total stiffness matrix 𝑲𝑮 . Having 𝑲𝑮 , it could be combined with [𝑲 ] 

to obtain 𝑲𝑮 . The procedure continues recursively until layer 𝑁 is reached, where its 

stiffness matrix [𝑲 ] is merged with the total stiffness matrix of the previous layers, 

𝑲𝑮 , to form the whole structure total stiffness matrix 𝑲𝑮  as illustrated in Figure 3-2. 

Thus, starting with 𝑲𝑮 = [𝑲 ], then using the recursive algorithm 𝑁 − 1 times, leads to 

Layer 1 

𝑧  

𝑧  

𝒗 (𝑥, 𝑧 ) ; 𝑻 (𝑥, 𝑧 ) 

Layer 2 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
 =  𝑲𝑮

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

𝒗 (𝑥, 𝑧 ) ; 𝑻 (𝑥, 𝑧 ) 
𝒗 (𝑥, 𝑧 ) ; 𝑻 (𝑥, 𝑧 ) 
𝒗 (𝑥, 𝑧 ) ; 𝑻 (𝑥, 𝑧 ) 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
 =  [𝑲 ]  

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=  𝑲𝑮

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 Related by boundary 

conditions 
𝑧2 
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the total stiffness matrix of the multilayer 𝑲𝑮  that relates the stresses and displacements at 

the top and bottom of the structure as follows: 

 
𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=  𝑲𝑮

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. (3.5) 

 

 
Figure 3-2: Coupling of the stiffness matrices at the level of layer 𝑵. 

 

In general, for a given layer 𝑖 with 2 ≤ 𝑖 ≤ 𝑁, if its 2𝑛 × 2𝑛  stiffness matrix [𝑲 ] is 

subdivided into 𝑛 × 𝑛  submatrices, i.e: 

   

[𝑲 ] × =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝐾 , ; … 𝐾 , ; 𝐾 , ;( ) … 𝐾 , ;

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

𝐾 , ; … 𝐾 , ; 𝐾 , ;( ) … 𝐾 , ;

𝐾 ,( ); … 𝐾 ,( ); 𝐾 ,( );( ) … 𝐾 ,( );

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

𝐾 , ; … 𝐾 , ; 𝐾 , ;( ) … 𝐾 , ; ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

                      =

[𝑲 ] × [𝑲 ] ×

[𝑲 ] × [𝑲 ] ×

 

(3.6) 

(the subscript notation 𝑥; 𝑦 denotes the element in the 𝑥th row and 𝑦th column, respectively), 

the stress-displacement relationship of that layer can be expressed as: 

   
𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=

[𝑲 ] × [𝑲 ] ×

[𝑲 ] × [𝑲 ] ×

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
.  (3.7) 

 

𝒗 (𝑥, 𝑧 ) ; 𝑻 (𝑥, 𝑧 ) 

𝑧   

𝑧  

𝑧  

𝑧

𝒗 (𝑥, 𝑧 ) ; 𝑻 (𝑥, 𝑧 ) Layer 1 

Layer 𝑁 − 1 

Layer 𝑁 

𝒗 (𝑥, 𝑧 ) ; 𝑻 (𝑥, 𝑧 ) 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
 

          =  𝑲𝑮
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=  [𝑲 ]

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )

= 𝑲𝑮
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

𝒗 (𝑥, 𝑧 ) ; 𝑻 (𝑥, 𝑧 ) 
Related by  

boundary conditions 

𝑧2  



52 
 

Moreover, at the layer  𝑖 − 1, the displacement and stress components vectors 𝒗  and 

𝑻 , of length 𝑛 , can be related to 𝒗  and 𝑻 , the displacement and stress components 

vectors in the first layer with a length 𝑛 , through the total stiffness matrix of the layers 1 up 

to 𝑖 − 1, 𝑲𝑮 . If the latter is subdivided into four square matrices as follows: 

  

𝑲𝑮𝑖−1 ( )×( )

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝐾
, ;

… 𝐾
, ;

𝐾
, ;( ) … 𝐾

, ;( )

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

𝐾
, ;

… 𝐾
, ;

𝐾
, ;( ) … 𝐾

, ;( )

𝐾
,( );

… 𝐾
,( );

𝐾
,( );( ) … 𝐾

,( );( )

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

𝐾
,( );

…  𝐾
,( );

  𝐾
,( );( )…  𝐾

,( );( )⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 =

𝑲𝑮 ×
   𝑲𝑮 ×

𝑲𝑮 ×
𝑲𝑮 ×

, 

(3.8) 

the corresponding stress-displacement relationship can be expressed as: 

   

𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=  𝑲𝑮 ( )×( )

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

                                         =

𝑲𝑮 ×
   𝑲𝑮 ×

𝑲𝑮 ×
𝑲𝑮 ×

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. 

(3.9) 

In order to obtain the total stiffness matrix of the layers 1 up to 𝑖, the relationships in 

Eqs. (3.6) and (3.9) should be merged by eliminating the vectors at the interface 𝑧 . This is 

achieved by expressing the displacement components vectors 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) in 

terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) through a matrix [𝑽 ] using the boundary conditions at the 

interface 𝑧  as presented in Section 3.2. The relationship involving the matrix [𝑽 ] is: 
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𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
=  [𝑽 ]( )×( )

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

                                         =

[𝑽 ] × [𝑽 ] ×

[𝑽 ] ×    [𝑽 ] ×

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. 

(3.10) 

The derivation of the matrix [𝑽 ] will be detailed in the following section. 

Then, using Eqs. (3.7), (3.9), and (3.10), the stress components vectors 𝑻 (𝑥, 𝑧 ) and 

𝑻 (𝑥, 𝑧 ) can also be expressed as a function of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as follows: 

   
𝑻 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 )
=  

𝑲𝑮 + 𝑲𝑮 [𝑽 ] 𝑲𝑮 [𝑽 ]

[𝑲 ][𝑽 ] [𝑲 ][𝑽 ] + [𝑲 ]

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. (3.11) 

Thus, starting with 𝑲𝑮 = [𝑲 ], the 𝑖th total stiffness matrix 𝑲𝑮  (i.e. the total 

stiffness matrix for the layers 1 up to 𝑖) with 2 ≤ 𝑖 ≤ 𝑁 is defined as: 

   
𝑲𝑮 ( )×( )

=  
𝑲𝑮 + 𝑲𝑮 [𝑽 ] 𝑲𝑮 [𝑽 ]

[𝑲 ][𝑽 ] [𝑲 ][𝑽 ] + [𝑲 ]
, 

for  2 ≤ 𝑖 ≤ 𝑁. 

(3.12) 

 

3.3.2 Computation of the Matrix [𝑽𝒊] 

As defined in Section 3.3.1, for a layer 𝑖 with 2 ≤ 𝑖 ≤ 𝑁, [𝑽 ] is a matrix that relates 

the displacement components vectors 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) to the displacement 

components vectors 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ), depending on the boundary conditions at the 

the interface 𝑧 . Given the three-layer natures, nine combinations are possible at the interface 

𝑧 , three of which correspond to same nature consecutive layers (i.e. layers 𝑖 and 𝑖 − 1 are of 

the same nature) leading to the same expression of [𝑽 ]. As for the six other possible 

combinations, [𝑽 ] should be obtained for each of them based on the corresponding boundary 

conditions. Thus, in total, seven different matrices [𝑽 ] are to be derived in order to account 
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for all possible interfaces associated with the three-layer natures. The derivation of the matrix 

[𝑽 ] for each case is detailed in the following subsections. 

 

3.3.2.1 Interface Separating Two Layers of the Same Nature 

Given an interface at 𝑧  (2 ≤ 𝑖 ≤ 𝑁) that separates two layers 𝑖 and 𝑖 − 1 of the same 

nature (i.e. fluid-fluid, solid-solid, or porous-porous interface), the boundary conditions imply 

the continuity of all the components of the displacement-stress vector at 𝑧 = 𝑧 , that is: 

    
𝒗 (𝑥, 𝑧 ) = 𝒗 (𝑥, 𝑧 )

𝑻 (𝑥, 𝑧 ) = 𝑻 (𝑥, 𝑧 )
.  (3.13) 

With reference to Eqs. (3.9) and (3.7), 𝑻 (𝑥, 𝑧 ) and 𝑻 (𝑥, 𝑧 ) are expressed 

respectively, as: 

   

𝑻 (𝑥, 𝑧 ) = 𝑲𝑮 ×
 𝒗 (𝑥, 𝑧 ) + 𝑲𝑮 ×

 𝒗 (𝑥, 𝑧 ), 

𝑻 (𝑥, 𝑧 ) = [𝑲 ] ×  𝒗 (𝑥, 𝑧 ) + [𝑲 ] ×  𝒗 (𝑥, 𝑧 ), 

(3.14) 

where 𝑛 = 𝑛 = 1,2,3 for fluid, isotropic elastic solid, and isotropic poro-elastic medium 

respectively. 

Applying the equalities in Eq. (3.13) into Eq. (3.14), 𝒗 (𝑥, 𝑧 ) or 𝒗 (𝑥, 𝑧 ) can be 

expressed in terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

  

          𝒗 (𝑥, 𝑧 ) = 𝒗 (𝑥, 𝑧 ) 

                           = 𝑲𝑮 − [𝑲 ]
𝑛𝑖×𝑛𝑖

 − 𝑲𝑮 [𝑲 ]
𝑛𝑖×(𝑛1+𝑛𝑖)

 
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. 

(3.15) 

Hence, the matrix [𝑽 ] will be: 

   [𝑽 ]( )×( ) =  
𝑲𝑮 − [𝑲 ]  − 𝑲𝑮 [𝑲 ]

𝑲𝑮 − [𝑲 ]  − 𝑲𝑮 [𝑲 ]
 . (3.16) 
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3.3.2.2 Fluid - Isotropic Elastic Solid Interface 

With reference to Eq. (3.1), in the case of a layer 𝑖 − 1 of fluid type followed by a layer 

𝑖 that is an isotropic elastic solid, the boundary conditions at the interface 𝑧  imply that: 

  

𝑢 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ),

𝑻 (𝑥, 𝑧 ) =
0

𝑻 (𝑥, 𝑧 )
.
 (3.17) 

Using the expressions of 𝑻 (𝑥, 𝑧 ) and 𝑻 (𝑥, 𝑧 ) as defined in Eq. (3.14) with 𝑛 =

1 and 𝑛 = 2, and applying the conditions in Eq. (3.17), 𝒗 (𝑥, 𝑧 ) can be expressed in terms 

of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

        𝒗 (𝑥, 𝑧 ) =

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )
 

                         =

0 0

0 𝑲𝑮

− [𝑲 ]

2×2

    [𝟎]1×𝑛1

− 𝑲𝑮

[𝑲 ]

2×(𝑛1+2)

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

                         = [𝑾 ]2×(𝑛1+2)  
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. 

(3.18) 

Since 𝒗 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ), then 𝒗 (𝑥, 𝑧 ) is the second component 

of 𝒗 (𝑥, 𝑧 ). Thus, if the matrix [𝑾𝒊] as defined in Eq. (3.18) is subdivided as follows: 

   [𝑾 ]2×(𝑛1+2) =
[𝑾 ]1×(𝑛1+2)

[𝑾 ]1×(𝑛1+2)

,  (3.19) 

𝒗 (𝑥, 𝑧 ) can be expressed in terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

   𝒗 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ) = [𝑾 ]
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. (3.20) 

Therefore, the matrix [𝑽 ] will be: 
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   [𝑽 ] ×( ) =
[𝑾 ]1×(𝑛1+2)

[𝑾 ]2×(𝑛1+2)

. (3.21) 

 

3.3.2.3 Isotropic Elastic Solid - Fluid Interface 

With reference to Eq. (3.1), in the case of a layer 𝑖 − 1 that is an isotropic elastic solid 

followed by a layer 𝑖 of fluid type, the boundary conditions at the interface 𝑧  imply that: 

  

𝑢 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ),

𝑻 (𝑥, 𝑧 ) =
0

𝑻 (𝑥, 𝑧 )
.
 (3.22) 

Using the expressions of 𝑻 (𝑥, 𝑧 ) and 𝑻 (𝑥, 𝑧 ) as defined in Eq. (3.14) with 𝑛 =

2 and 𝑛 = 1, and applying the conditions in Eq. (3.22), 𝒗 (𝑥, 𝑧 ) can be expressed in terms 

of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

        𝒗 (𝑥, 𝑧 ) =

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )
 

                              =
0 0

0 𝑲
− 𝑲𝑮

2×2

𝑲𝑮

0

−𝑲
2×(𝑛1+1)

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

                             = [𝑾 ]2×(𝑛1+1)  
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

(3.23) 

Since 𝒗 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ), then 𝒗 (𝑥, 𝑧 ) is the second component of 

𝒗 (𝑥, 𝑧 ). Thus, if the matrix [𝑾𝒊] as defined in Eq. (3.23) is subdivided as follows: 

   [𝑾 ]2×(𝑛1+1) =
[𝑾 ]1×(𝑛1+1)

[𝑾 ]1×(𝑛1+1)

,  (3.24) 

𝒗 (𝑥, 𝑧 ) can be expressed in terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 
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   𝒗 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ) = [𝑾 ] 
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. (3.25) 

Therefore, the matrix [𝑽 ] will be: 

   [𝑽 ]3×(𝑛1+1) =

[𝑾 ]2×(𝑛1+1)

[𝑾 ]1×(𝑛1+1)

. (3.26) 

 

3.3.2.4 Fluid - Isotropic Poro-elastic Interface 

With reference to Eq. (3.2), in the case of a layer 𝑖 − 1 of fluid type followed by a layer 

𝑖 that is an isotropic poro-elastic medium, the boundary conditions at the interface 𝑧  imply 

that: 

 

⎩
⎪
⎨

⎪
⎧

𝑢 (𝑥, 𝑧 ) + 𝑤 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ),

𝑻 (𝑥, 𝑧 ) =

⎣
⎢
⎢
⎢
⎡

0

𝑻 (𝑥, 𝑧 )

−𝑻 (𝑥, 𝑧 )⎦
⎥
⎥
⎥
⎤

.
 (3.27) 

Using the expressions of 𝑻 (𝑥, 𝑧 ) and 𝑻 (𝑥, 𝑧 ) as defined in Eq. (3.14) with 𝑛 =

1 and 𝑛 = 3, and applying the conditions in Eq. (3.27), 𝒗 (𝑥, 𝑧 ) can be expressed in terms 

of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 
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𝒗 (𝑥, 𝑧 ) =

⎣
⎢
⎢
⎢
⎡
𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )

𝑤 (𝑥, 𝑧 )⎦
⎥
⎥
⎥
⎤

 

=

⎣
⎢
⎢
⎢
⎢
⎡

 

⎣
⎢
⎢
⎢
⎡
0 0 0

0 𝑲𝑮 𝑲𝑮

0 −𝑲𝑮 −𝑲𝑮 ⎦
⎥
⎥
⎥
⎤

− [𝑲 ]

⎦
⎥
⎥
⎥
⎥
⎤

3×3

 

⎣
⎢
⎢
⎢
⎡

 

⎣
⎢
⎢
⎢
⎡
    [𝟎]1×𝑛1

− 𝑲𝑮

𝑲𝑮 ⎦
⎥
⎥
⎥
⎤

[𝑲 ]

⎦
⎥
⎥
⎥
⎤

3×(𝑛1+3)

𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

 = [𝑾 ]3×(𝑛1+3)  
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

(3.28) 

As for the vector 𝒗 (𝑥, 𝑧 ), 𝒗 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ) + 𝑤 (𝑥, 𝑧 ). Thus, 

if the matrix [𝑾𝒊] as defined in Eq. (3.28) is subdivided as follows: 

   [𝑾 ]3×(𝑛1+3) =

⎣
⎢
⎢
⎢
⎡
[𝑾 ]1×(𝑛1+3)

[𝑾 ]1×(𝑛1+3)

[𝑾 ]1×(𝑛1+3)⎦
⎥
⎥
⎥
⎤

,  (3.29) 

𝒗 (𝑥, 𝑧 ) can be expressed in terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

   𝒗 (𝑥, 𝑧 ) = [𝑾 ] + [𝑾 ]  
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. (3.30) 

Therefore, the matrix [𝑽 ] will be: 

   [𝑽 ]4×(𝑛1+3) =
[𝑾 ] + [𝑾 ]

1×(𝑛1+3)

[𝑾 ]3×(𝑛1+3)

. (3.31) 

 

3.3.2.5 Isotropic Poro-elastic - Fluid Interface 

With reference to Eq. (3.2), in the case of a layer 𝑖 − 1 that is an isotropic poro-elastic 

medium followed by a layer 𝑖 of fluid type, the boundary conditions at the interface 𝑧  imply 

that: 
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⎩
⎪
⎨

⎪
⎧

 

𝑢 (𝑥, 𝑧 ) + 𝑤 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ),

𝑻 (𝑥, 𝑧 ) =

⎣
⎢
⎢
⎢
⎡

0

𝑻 (𝑥, 𝑧 )

−𝑻 (𝑥, 𝑧 )⎦
⎥
⎥
⎥
⎤

.
 (3.32) 

Using the expressions of 𝑻 (𝑥, 𝑧 ) and 𝑻 (𝑥, 𝑧 ) as defined in Eq. (3.14) with 𝑛 =

3 and 𝑛 = 1, and applying the conditions in Eq. (3.32), 𝒗 (𝑥, 𝑧 ) can be expressed in terms 

of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

      𝒗 (𝑥, 𝑧 ) =

⎣
⎢
⎢
⎢
⎡
𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )

𝑤 (𝑥, 𝑧 )⎦
⎥
⎥
⎥
⎤

 

=

⎣
⎢
⎢
⎢
⎢
⎡

 

⎣
⎢
⎢
⎢
⎡
0 0 0

0 𝑲 𝑲

0 −𝑲 −𝑲 ⎦
⎥
⎥
⎥
⎤

− 𝑲𝑮

⎦
⎥
⎥
⎥
⎥
⎤

3×3
⎣
⎢
⎢
⎢
⎡

𝑲𝑮

⎣
⎢
⎢
⎢
⎡

0

−𝑲

𝑲 ⎦
⎥
⎥
⎥
⎤

 

⎦
⎥
⎥
⎥
⎤

3×(𝑛1+1)

 
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

                           = [𝑾 ]3×(𝑛1+1)  
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

(3.33) 

As for the vector 𝒗 (𝑥, 𝑧 ), 𝒗 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ) + 𝑤 (𝑥, 𝑧 ). Thus, if 

the matrix [𝑾𝒊] as defined in Eq. (3.33) is subdivided as follows: 

   [𝑾 ]3×(𝑛1+1) =

⎣
⎢
⎢
⎢
⎡
[𝑾 ]1×(𝑛1+1)

[𝑾 ]1×(𝑛1+1)

[𝑾 ]1×(𝑛1+1)⎦
⎥
⎥
⎥
⎤

,  (3.34) 

𝒗 (𝑥, 𝑧 ) can be expressed in terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

   𝒗 (𝑥, 𝑧 ) = 𝑢 (𝑥, 𝑧 ) = [𝑾 ] + [𝑾 ]  
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. (3.35) 

Therefore, the matrix [𝑽 ] will be: 
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   [𝑽 ]4×(𝑛1+1) =

[𝑾 ]3×(𝑛1+1)

[𝑾 ] + [𝑾 ]
1×(𝑛1+1)

. (3.36) 

 

3.3.2.6 Isotropic Elastic Solid - Isotropic Poro-elastic Interface 

With reference to Eq. (3.3), in the case of a layer 𝑖 − 1 of solid type followed by a layer 

𝑖 that is an isotropic poro-elastic medium, the boundary conditions at the interface 𝑧  imply 

that: 

 

⎩
⎪
⎨

⎪
⎧

 

𝒗 (𝑥, 𝑧 ) =
𝒗 (𝑥, 𝑧 )

0
,

𝜎 (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )
= 𝑻 (𝑥, 𝑧 ).

 (3.37) 

According to Eq. (3.37), the fluid phase pressure in the porous medium is excluded 

from the boundary conditions at the interface 𝑧  (i.e. P (𝑥, 𝑧 )); moreover, the relative fluid 

displacement in this medium should be zero at 𝑧 = 𝑧  (i.e. 𝑤 (𝑥, 𝑧 ) = 0). Hence, to 

calculate the matrix [𝑽 ], the third row and column of the stiffness matrix [𝑲 ] of the porous 

layer 𝑖 will be excluded in this case. Consequently, referring to the stiffness matrix expansion 

in Eq. (3.6) with 𝑛 = 3, a 2 × 2 submatrix 𝑲  and a 2 × 3 submatrix 𝑲  are defined 

such that: 

 

𝑲
×

=

𝐾 , ; 𝐾 , ;

𝐾 , ; 𝐾 , ;

, 

𝑲
×

=

𝐾 , ; 𝐾 , ; 𝐾 , ;

𝐾 , ; 𝐾 , ; 𝐾 , ;

 

(3.38) 

Then, with reference to Eq. (2.64), the normal and tangential stresses in the porous 

layer 𝑖 at 𝑧 = 𝑧  can be expressed in terms of 𝑲  and 𝑲  as: 
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𝜎 (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )
= 𝑲

×
 

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )
+ 𝑲

×
 𝒗 (𝑥, 𝑧 ). (3.39) 

Using the expression of 𝑻 (𝑥, 𝑧 ) as defined in Eq. (3.14) with 𝑛 = 2 along with 

the stresses expressed in Eq. (3.39), and applying the conditions in Eq. (3.37), 𝒗 (𝑥, 𝑧 ) can 

be expressed in terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

          𝒗 (𝑥, 𝑧 ) =

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )
 

                               = 𝑲𝑮 − 𝑲
2×2

  − 𝑲𝑮 𝑲
2×(𝑛1+3)

  
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

                               = [𝑾 ]2×(𝑛1+3)  
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

(3.40) 

As for the vector 𝒗 (𝑥, 𝑧 ), it can be expressed in terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

   𝒗 (𝑥, 𝑧 ) =

⎣
⎢
⎢
⎢
⎡
𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )

𝑤 (𝑥, 𝑧 )⎦
⎥
⎥
⎥
⎤

=

[𝑾 ]2×(𝑛1+3)

[𝟎]1×(𝑛1+3)

 
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. (3.41) 

Therefore, the matrix [𝑽 ] will be: 

   [𝑽 ]5×(𝑛1+3) =

⎣
⎢
⎢
⎢
⎡
[𝑾 ]2×(𝑛1+3)

[𝑾 ]2×(𝑛1+3)

[𝟎]1×(𝑛1+3) ⎦
⎥
⎥
⎥
⎤

. (3.42) 

 

3.3.2.7 Isotropic Poro-elastic - Isotropic Elastic Solid Interface 

With reference to Eq. (3.3), in the case of a layer 𝑖 − 1 that is an isotropic poro-elastic 

medium followed by a layer 𝑖 of solid type, the boundary conditions at the interface 𝑧  imply 

that: 
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⎩
⎪
⎨

⎪
⎧

 

𝒗 (𝑥, 𝑧 ) =
𝒗 (𝑥, 𝑧 )

0

,

𝜎 (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )
= 𝑻 (𝑥, 𝑧 ).

 (3.43) 

According to Eq. (3.37), the fluid phase pressure in the porous medium is excluded 

from the boundary conditions at the interface 𝑧  (i.e. 𝑃 (𝑥, 𝑧 )); moreover, the relative fluid 

displacement in this medium should be zero at 𝑧 = 𝑧  (i.e. 𝑤 (𝑥, 𝑧 ) = 0). Hence, in this 

case, to calculate the matrix [𝑽 ], the last row and last column of the total stiffness matrix 

𝑲𝑮  corresponding to the case of a porous layer 𝑖 − 1 will be excluded. Consequently, 

referring to the global stiffness matrix expansion in Eq. (3.8) with 𝑛 = 3, a 2 × 𝑛  

submatrix 𝑲𝑮  and a 2 × 2 submatrix 𝑲𝑮  are defined such that: 

 

𝑲𝑮 ×
=

𝐾
,( );

… 𝐾
,( );

𝐾
,( );

… 𝐾
,( );

, 

𝑲𝑮 ×
=

𝐾𝐺𝑖−1,(𝑛1+1);(𝑛1+1) 𝐾𝐺𝑖−1,(𝑛1+1);(𝑛1+2)

𝐾𝐺𝑖−1,(𝑛1+2);(𝑛1+1) 𝐾𝐺𝑖−1,(𝑛1+2);(𝑛1+2)

. 

(3.44) 

Then, with reference to Eq. (3.5), the normal and tangential stresses in the porous layer 

𝑖 − 1 at 𝑧 = 𝑧  can be expressed in terms of 𝑲𝑮  and 𝑲𝑮  as: 

   
𝜎 (𝑥, 𝑧 )

𝜎 (𝑥, 𝑧 )
= 𝑲𝑮 ×

 𝒗 (𝑥, 𝑧 ) + 𝑲𝑮 ×
 

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )
. (3.45) 

Using the expression of 𝑻 (𝑥, 𝑧 ) as defined in Eq. (3.14) with 𝑛 = 2 along with the 

stresses expressed in Eq. (3.45), and applying the conditions in Eq. (3.43), 𝒗 (𝑥, 𝑧 ) can be 

expressed in terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 
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              𝒗 (𝑥, 𝑧 ) =

𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )
 

                               = 𝑲𝑮 − [𝑲 ]
2×2

  − 𝑲𝑮 [𝑲 ]
2×(𝑛1+2)

  
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

                               = [𝑾 ]2×(𝑛1+2) ×
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
 

(3.46) 

As for the vector 𝒗 (𝑥, 𝑧 ), it can be expressed in terms of 𝒗 (𝑥, 𝑧 ) and 𝒗 (𝑥, 𝑧 ) as: 

   𝒗 (𝑥, 𝑧 ) =

⎣
⎢
⎢
⎢
⎡
𝑢 (𝑥, 𝑧 )

𝑢 (𝑥, 𝑧 )

𝑤 (𝑥, 𝑧 )⎦
⎥
⎥
⎥
⎤

=

[𝑾 ]2×(𝑛1+2)

[𝟎]1×(𝑛1+2)

 
𝒗 (𝑥, 𝑧 )

𝒗 (𝑥, 𝑧 )
. (3.47) 

Therefore, the matrix [𝑽 ] will be: 

   [𝑽 ]5×(𝑛1+2) =

⎣
⎢
⎢
⎢
⎡
[𝑾 ]2×(𝑛1+2)

[𝟎]1×(𝑛1+2)

[𝑾 ]2×(𝑛1+2)⎦
⎥
⎥
⎥
⎤

. (3.48) 

 

 

3.4 Reflection and Transmission Coefficients 

In this section, for a plane wave originating from the reference plane (𝑧 = 𝑧 ) with a 

frequency 𝜔 and an incidence angle 𝜃  at the top of the multilayered structure whose total 

stiffness matrix is 𝑲𝑮 , the reflection in the incidence medium and the transmission in the 

substrate will be calculated assuming a unity incidence.  

It is to be noted that the term 𝑒 ( ) will be omitted intentionally in the following 

equations since it will be simplified in the calculations. 
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In the incidence medium (denoted by the subscript zero), 𝑛  partial plane waves 

propagate in the positive direction, and 𝑛  partial plane waves are reflected in the negative 

direction. Let 𝑰 be a column vector of ones corresponding to the amplitudes of the incident 

partial plane waves, and 𝑹 another column vector consisting of the amplitudes of the partial 

plane waves reflected back in the incidence medium at the interface 𝑧 . For this medium, the 

local coordinate origin is selected at 𝑧 = 𝑧  for waves traveling in both directions. Then, the 

displacement and stress components vector in this medium can be related to the incident and 

reflected partial plane waves amplitudes through the medium characteristic matrix [𝑩 ] as 

follows: 

 
𝒗 (𝑧)

𝑻 (𝑧)
=  [𝑩 ] ×   [𝑬 (𝑧)] ×  

𝑰

𝑹
, (3.49) 

where [𝑬 (𝑧)] is a diagonal 2𝑛 × 2𝑛  matrix such that: 

 𝑑𝑖𝑎𝑔 {[𝑬 (𝑧)] } = 𝑒 ( ). (3.50) 

If the characteristic matrix decomposition defined in Eq. (2.48) with 𝑖 = 0 is used, 

expressing Eq. (3.49) at 𝑧 = 𝑧  yields: 

 
𝒗 (𝑧 ) = [𝑩 ] + [𝑩 ]𝑹

𝑻 (𝑧 ) = [𝑩 ] + [𝑩 ]𝑹
 . (3.51) 

In the transmission medium (denoted by subscript 𝑁 + 1), the partial plane waves 

propagate only in the positive direction and their amplitudes will be grouped in a vector 𝑻𝒓 of 

length 𝑛  . Then, the displacement and stress components vectors in this medium can be 

related to the transmitted partial plane waves amplitudes through the medium characteristic 

matrix [𝑩 ]. For this medium, the characteristic matrix will include only the coefficients 

corresponding to the waves propagating in the positive direction, i.e. [𝑩 ] is only 

composed of the submatrices [𝑩 ] and [𝑩 ] that have been defined in Section 2.2. 

Consequently, by selecting the origin of the local coordinate system in this medium at 𝑧 =
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𝑧  for the propagating waves, the displacement-stress vector can be related to  𝑻𝒓 as 

follows: 

 
𝒗 (𝑧)

𝑻 (𝑧)
=  

[𝑩 ] ×

[𝑩 ] ×

[𝑬 (𝑧)] ×  𝑻𝒓, (3.52) 

where [𝑬 (𝑧)] is a diagonal 𝑛 × 𝑛  matrix such that: 

 𝑑𝑖𝑎𝑔 {[𝑬 (𝑧)] } = 𝑒 ( ) . (3.53) 

Expressing Eq. (3.52) at 𝑧 = 𝑧  yields: 

 
𝒗 (𝑧 ) = [𝑩 ] 𝑻𝒓

𝑻 (𝑧 ) = [𝑩 ] 𝑻𝒓

 . (3.54) 

Moreover, the multilayer total stiffness matrix relationship in Eq. (3.5) can be re-

expressed using the total compliance matrix, 𝑺𝑮 , as: 

 
𝒗 (𝑧 )

𝒗 (𝑧 )
=  𝑺𝑮

𝑻 (𝑧 )

𝑻 (𝑧 )
. (3.55) 

The multilayer global compliance matrix is related to the global stiffness matrix through: 

 𝑺𝑮 = 𝑲𝑮 . (3.56) 

The displacement and stress components vectors in the incidence medium and the layer 

1 of the structure around the interface 𝑧  (i.e. 𝒗 (𝑧 ), 𝒗 (𝑧 ), 𝑻 (𝑧 ), and 𝑻 (𝑧 )) can be 

related through the boundary conditions at that interface. 

Similarly, the displacement and stress components vectors in the layer 𝑁 of the 

structure and the transmission medium around the interface 𝑧  (i.e. 𝒗 (𝑧 ), 

𝒗 (𝑧 ), 𝑻 (𝑧 ), and 𝑻 (𝑧 )) can be related through the boundary conditions at 

that interface. 

Consequently, the system of equations in Eqs. (3.51), (3.54), and (3.55) can be solved 

and the reflection and transmission coefficients are thus obtained. 
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At this stage, fluid incidence and transmission media will be considered. Hence, Eqs. 

(3.51) and (3.54) can be reduced to: 

 

𝑢 (𝑧 ) = 𝐵 + 𝑅𝐵

−𝑃 (𝑧 ) = 𝐵 + 𝑅𝐵
  ,  

𝑢 (𝑧 ) = 𝑇 𝐵

−𝑃 (𝑧 ) = 𝑇 𝐵
  . 

(3.57) 

Since the calculation of the reflection and transmission coefficients depends on the 

boundary conditions at the interfaces 𝑧  and 𝑧 , these coefficients depend on the natures of 

the layers around these interfaces. Having considered the incidence and transmission media 

both fluids, then, for the three possible layer natures for each of the first and last layers of the 

multilayer, nine different cases will be developed for the computation of the reflection-

transmission coefficients. The boundary conditions at the interfaces 𝑧  and 𝑧  are 

summarized in Table 3-1. 

 

Table 3-1: Boundary Conditions at the Upper Surface of the Multilayer (𝒛 = 𝒛𝟏) for a Fluid 

Incidence Medium. 

Layer 1 Fluid 
𝑢 (𝑧 ) = 𝑢 (𝑧 )

𝑃 (𝑧 ) = 𝑃 (𝑧 )
 (3.58) 

Layer 1 Isotropic Elastic Solid 

𝑢 (𝑧 ) = 𝑢 (𝑧 )

𝜎 (𝑧 ) = 0

𝜎 (𝑧 ) = −𝑃 (𝑧 )

 (3.59) 

Layer 1 Isotropic Poroelastic Medium 

⎩
⎪
⎨

⎪
⎧

𝑢 (𝑧 ) + 𝑤 (𝑧 ) = 𝑢 (𝑧 )

𝜎 (𝑧 ) = 0

𝜎 (𝑧 ) = −𝑃 (𝑧 )

𝑃 (𝑧 ) = 𝑃 (𝑧 )

 (3.60) 
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Table 3-2: Boundary Conditions at the Lower Surface of the Multilayer (𝐳 = 𝐳𝐍 𝟏) for a Fluid 

Transmission Medium. 

Layer 𝑁 Fluid 
𝑢 (𝑧 ) = 𝑢 (𝑧 )

𝑃 (𝑧 ) = 𝑃 (𝑧 )
 (3.61) 

Layer 𝑁 Isotropic Elastic Solid 

𝑢 (𝑧 ) = 𝑢 (𝑧 )

𝜎 (𝑧 ) = 0

𝜎 (𝑧 ) = −𝑃 (𝑧 )

 (3.62) 

Layer 𝑁 Isotropic Poroelastic Medium 

⎩
⎪
⎨

⎪
⎧

𝑢 (𝑧 ) + 𝑤 (𝑧 ) = 𝑢 (𝑧 )

𝜎 (𝑧 ) = 0

𝜎 (𝑧 ) = −𝑃 (𝑧 )

𝑃 (𝑧 ) = 𝑃 (𝑧 )

 (3.63) 

 

 

3.4.1 Layer 1 Fluid – Layer 𝑵 Fluid 

Given a multilayer whose first (𝑖 = 1) and last (𝑖 = 𝑁) layers are fluids, the compliance 

matrix relationship in Eq. (3.55) can be expressed as: 

 
𝑢 (𝑧 )

𝑢 (𝑧 )
=  𝑺𝑮 ×

−𝑃 (𝑧 )

−𝑃 (𝑧 )
. (3.64) 

By applying the boundary conditions in Eqs. (3.58) and (3.61) into Eq. (3.57) and 

substituting the resulting displacement and stress expressions into Eq. (3.64), the following 

system of equations is obtained: 

  

𝐵 + 𝑅𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵

𝑇 𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵
 (3.65) 

where 𝑆
, ;

 corresponds to the element in the 𝑥th row and 𝑦th column of the matrix 𝑺𝑮 . 

Solving for the reflection and transmission coefficients leads to: 
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𝑅

𝑇
=  

𝐵 − 𝑆
, ;

𝐵 −𝑆
, ;

𝐵

−𝑆
, ;

𝐵 𝐵 − 𝑆
, ;

𝐵

𝑆
, ;

𝐵 − 𝐵

𝑆
, ;

𝐵
. (3.66) 

 

3.4.2 Layer 1 Fluid – Layer 𝑵 Isotropic Elastic Solid 

Given a multilayer whose first layer is a fluid and last layer is an isotropic elastic solid, 

the compliance matrix relationship in Eq. (3.55) can be expressed as: 

 

⎣
⎢
⎢
⎢
⎡

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑢 (𝑧 )⎦
⎥
⎥
⎥
⎤

=  𝑺𝑮 ×

⎣
⎢
⎢
⎢
⎡

−𝑃 (𝑧 )

𝜎 (𝑧 )

𝜎 (𝑧 )⎦
⎥
⎥
⎥
⎤

. (3.67) 

By applying the boundary conditions in Eqs. (3.58) and (3.62) into Eq. (3.57) and 

substituting the resulting displacement and stress expressions into Eq. (3.67), the following 

system of equations is obtained: 

  

𝐵 + 𝑅𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵

𝑇 𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵
. (3.68) 

Solving for the reflection and transmission coefficients leads to: 

 
𝑅

𝑇
=  

𝐵 − 𝑆
, ;

𝐵 −𝑆
, ;

𝐵

−𝑆
, ;

𝐵 𝐵 − 𝑆
, ;

𝐵

𝑆
, ;

𝐵 − 𝐵

𝑆
, ;

𝐵
. (3.69) 

 

3.4.3 Layer 1 Fluid – Layer 𝑵 Isotropic Poro-elastic Medium 

Given a multilayer whose first layer is a fluid and last layer is an isotropic poro-elastic 

medium, the compliance matrix relationship in Eq. (3.55) can be expressed as: 
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⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑤 (𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎤

=  𝑺𝑮 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

−𝑃 (𝑧 )

𝜎 (𝑧 )

𝜎 (𝑧 )

𝑃 (𝑧 ) ⎦
⎥
⎥
⎥
⎥
⎥
⎤

. (3.70) 

By applying the boundary conditions in Eqs. (3.58) and (3.63) into Eq. (3.57) and 

substituting the resulting displacement and stress expressions into Eq. (3.70), the following 

system of equations is obtained:  

 

⎩
⎪
⎨

⎪
⎧

 

𝐵 + 𝑅𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

− 𝑆
, ;

𝑇 𝐵

𝑇 𝐵 = 𝑆
, ;

+ 𝑆
, ;

(𝐵 + 𝑅𝐵 )

                    + 𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

𝑇 𝐵

. (3.71) 

Solving for the reflection and transmission coefficients leads to: 

𝑅

𝑇

=  
𝐵 − 𝑆

𝑁,1;1
𝐵 − 𝑆

𝑁,1;3
− 𝑆

𝑁,1;4
𝐵𝑁+1

− 𝑆
𝑁,3;1

+ 𝑆
𝑁,4;1

𝐵 𝐵𝑁+1 − 𝑆
𝑁,3;3

− 𝑆
𝑁,3;4

+ 𝑆
𝑁,3;3

− 𝑆
𝑁,3;4

𝐵𝑁+1

 

𝑆
𝑁,1;1

𝐵 − 𝐵

𝑆
𝑁,3;1

+ 𝑆
𝑁,4;1

𝐵
. 

(3.72) 

 

3.4.4 Layer 1 Isotropic Elastic Solid – Layer 𝑵 Fluid 

Given a multilayer having whose first layer is an isotropic elastic solid and last layer is 

a fluid, the compliance matrix relationship in Eq. (3.55) can be expressed as: 



70 
 

 

⎣
⎢
⎢
⎢
⎡

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑢 (𝑧 )⎦
⎥
⎥
⎥
⎤

=  𝑺𝑮 ×

⎣
⎢
⎢
⎢
⎡

𝜎 (𝑧 )

𝜎 (𝑧 )

−𝑃 (𝑧 )⎦
⎥
⎥
⎥
⎤

. (3.73) 

By applying the boundary conditions in Eqs. (3.59) and (3.61) into Eq. (3.57) and 

substituting the resulting displacement and stress expressions into Eq. (3.73), the following 

system of equations is obtained: 

  

𝐵 + 𝑅𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵

𝑇 𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵
 . (3.74) 

Solving for the reflection and transmission coefficients leads to: 

 
𝑅

𝑇
=  

𝐵 − 𝑆
, ;

𝐵 −𝑆
, ;

𝐵

−𝑆
, ;

𝐵 𝐵 − 𝑆
, ;

𝐵

𝑆
, ;

𝐵 − 𝐵

𝑆
, ;

𝐵
. (3.75) 

 

3.4.5 Layer 1 Isotropic Elastic Solid – Layer 𝑵 Isotropic Elastic Solid 

Given a multilayer whose first and last layers are isotropic elastic solids, the 

compliance matrix relationship in Eq. (3.55) can be expressed as: 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑢 (𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎤

=  𝑺𝑮 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝜎 (𝑧 )

𝜎 (𝑧 )

𝜎 (𝑧 )

𝜎 (𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎤

. (3.76) 

By applying the boundary conditions in Eqs. (3.59) and (3.62) into Eq. (3.57) and 

substituting the resulting displacement and stress expressions into Eq. (3.76), the following 

system of equations is obtained: 
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𝐵 + 𝑅𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵

𝑇 𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵
 . (3.77) 

Solving for the reflection and transmission coefficients leads to: 

 
𝑅

𝑇
=  

𝐵 − 𝑆
, ;

𝐵 −𝑆
, ;

𝐵

−𝑆
, ;

𝐵 𝐵 − 𝑆
, ;

𝐵

𝑆
, ;

𝐵 − 𝐵

𝑆
, ;

𝐵
. (3.78) 

 

3.4.6 Layer 1 Isotropic Elastic Solid – Layer 𝑵 Isotropic Poro-elastic Medium 

Given a multilayer whose first layer is an isotropic elastic solid and last layer is an 

isotropic poro-elastic medium, the compliance matrix relationship in Eq. (3.55) can be 

expressed as: 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑤 (𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=  𝑺𝑮 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜎 (𝑧 )

𝜎 (𝑧 )

𝜎 (𝑧 )

𝜎 (𝑧 )

𝑃 (𝑧 ) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. (3.79) 

 

By applying the boundary conditions in Eqs. (3.59) and (3.63) into Eq. (3.57) and 

substituting the resulting displacement and stress expressions into Eq. (3.79), the following 

system of equations is obtained: 

 

⎩
⎪
⎨

⎪
⎧

 

𝐵 + 𝑅𝐵 = 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

− 𝑆
, ;

𝑇 𝐵

𝑇 𝐵 = 𝑆
, ;

+ 𝑆
, ;

(𝐵 + 𝑅𝐵 )

                    + 𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

𝑇 𝐵

 . (3.80) 

Solving for the reflection and transmission coefficients leads to: 
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𝑅

𝑇

=  
𝐵 − 𝑆

𝑁,2;2
𝐵 − 𝑆

𝑁,2;4
− 𝑆

𝑁,2;5
𝐵𝑁+1

− 𝑆
𝑁,4;2

+ 𝑆
𝑁,5;2

𝐵 𝐵𝑁+1 − 𝑆
𝑁,4;4

− 𝑆
𝑁,4;5

+ 𝑆
𝑁,5;4

− 𝑆
𝑁,5;5

𝐵𝑁+1

 

𝑆
𝑁,2;2

𝐵 − 𝐵

𝑆
𝑁,4;2

+ 𝑆
𝑁,5;2

𝐵
. 

(3.81) 

 

3.4.7 Layer 1 Isotropic Poro-elastic Medium – Layer 𝑵 Fluid 

Given a multilayer whose first layer is an isotropic poro-elastic medium and last layer 

is a fluid, the compliance matrix relationship in Eq. (3.55) can be expressed as: 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑤 (𝑧 )

𝑢 (𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎤

=  𝑺𝑮 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝜎 (𝑧 )

𝜎 (𝑧 )

𝑃 (𝑧 )

𝑃 (𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎤

. (3.82) 

By applying the boundary conditions in Eqs. (3.60) and (3.61) into Eq. (3.57) and 

substituting the resulting displacement and stress expressions into Eq. (3.82), the following 

system of equations is obtained: 

 

⎩
⎪
⎨

⎪
⎧

 

𝐵 + 𝑅𝐵 = 𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

(𝐵 + 𝑅𝐵 )

                            + 𝑆
, ;

+ 𝑆
, ;

𝑇 𝐵

𝑇 𝐵 = 𝑆
, ;

− 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵

. (3.83) 

Solving for the reflection and transmission coefficients leads to: 
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𝑅

𝑇

=  
𝐵 − 𝑆

𝑁,2;2
− 𝑆

𝑁,2;3
+ 𝑆

𝑁,3;2
− 𝑆

𝑁,3;3
𝐵 − 𝑆

𝑁,2;4
+ 𝑆

𝑁,3;4
𝐵𝑁+1

− 𝑆
𝑁,4;2

− 𝑆
𝑁,4;3

𝐵 𝐵𝑁+1 − 𝑆
𝑁,4;4

𝐵𝑁+1

 

𝑆
𝑁,2;2

− 𝑆
𝑁,2;3

+ 𝑆
𝑁,3;2

− 𝑆
𝑁,3;3

𝐵 − 𝐵

𝑆
𝑁,4;2

− 𝑆
𝑁,4;3

𝐵
. 

(3.84) 

 

3.4.8 Layer 1 Isotropic Poro-elastic Medium – Layer 𝑵 Isotropic Elastic Solid 

Given a multilayer whose first layer is an isotropic poro-elastic medium and last layer 

is an isotropic elastic solid, the compliance matrix relationship in Eq. (3.55) can be expressed 

as: 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑤 (𝑧 )

𝑢 (𝑧 )

𝑢 (𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=  𝑺𝑮 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜎 (𝑧 )

𝜎 (𝑧 )

𝑃 (𝑧 )

𝜎 (𝑧 )

𝜎 (𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. (3.85) 

By applying the boundary conditions in Eqs. (3.60) and (3.62) into Eq. (3.57) and 

substituting the resulting displacement and stress expressions into Eq. (3.85), the following 

system of equations is obtained: 

 

⎩
⎪
⎨

⎪
⎧

 

𝐵 + 𝑅𝐵 = 𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

(𝐵 + 𝑅𝐵 )

                              + 𝑆
, ;

+ 𝑆
, ;

𝑇 𝐵

𝑇 𝐵 = 𝑆
, ;

− 𝑆
, ;

(𝐵 + 𝑅𝐵 ) + 𝑆
, ;

𝑇 𝐵

. (3.86) 

Solving for the reflection and transmission coefficients leads to: 
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𝑅

𝑇

=  
𝐵 − 𝑆

𝑁,2;2
− 𝑆

𝑁,2;3
+ 𝑆

𝑁,3;2
− 𝑆

𝑁,3;3
𝐵 − 𝑆

𝑁,2;5
+ 𝑆

𝑁,3;5
𝐵𝑁+1

− 𝑆
𝑁,5;2

− 𝑆
𝑁,5;3

𝐵 𝐵𝑁+1 − 𝑆
𝑁,5;5

𝐵𝑁+1

 

𝑆
𝑁,2;2

− 𝑆
𝑁,2;3

+ 𝑆
𝑁,3;2

− 𝑆
𝑁,3;3

𝐵 − 𝐵

𝑆
𝑁,5;2

− 𝑆
𝑁,5;3

𝐵
. 

(3.87) 

 

3.4.9 Layer 1 Isotropic Poro-elastic Medium – Layer 𝑵 Isotropic Poro-elastic 

Medium 

Given a multilayer whose first and last layers are isotropic poro-elastic media, the 

compliance matrix relationship in Eq. (3.55) can be expressed as: 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑤 (𝑧 )

𝑢 (𝑧 )

𝑢 (𝑧 )

𝑤 (𝑧 )⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=  𝑺𝑮 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜎 (𝑧 )

𝜎 (𝑧 )

𝑃 (𝑧 )

𝜎 (𝑧 )

𝜎 (𝑧 )

𝑃 (𝑧 ) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. (3.88) 

By applying the boundary conditions in Eqs. (3.60) and (3.63) into Eq. (3.57) and 

substituting the resulting displacement and stress expressions into Eq. (3.88), the following 

system of equations is obtained: 



75 
 

 

⎩
⎪
⎪
⎨

⎪
⎪
⎧

 

𝐵 + 𝑅𝐵 = 𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

(𝐵 + 𝑅𝐵 )

                              + 𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

𝑇 𝐵

𝑇 𝐵 = 𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

(𝐵 + 𝑅𝐵 )

                     + 𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

𝑇 𝐵

. (3.89) 

Solving for the reflection and transmission coefficients leads to:  

𝑅

𝑇𝑟

=

𝐵0
12 − 𝑆𝐺𝑁,2;2

− 𝑆𝐺𝑁,2;3
+ 𝑆𝐺𝑁,3;2

− 𝑆𝐺𝑁,3;3
𝐵0

22 − 𝑆𝐺𝑁,2;5
− 𝑆𝐺𝑁,2;6

+ 𝑆𝐺𝑁,3;5
− 𝑆𝐺𝑁,3;6

𝐵𝑁+1
21

− 𝑆𝐺𝑁,5;2
− 𝑆𝐺𝑁,5;3

+ 𝑆𝐺𝑁,6;2
− 𝑆𝐺𝑁,6;3

𝐵0
22 𝐵𝑁+1

11 − 𝑆𝐺𝑁,5;5
− 𝑆𝐺𝑁,5;6

+ 𝑆𝐺𝑁,6;5
− 𝑆𝐺𝑁,6;6

𝐵𝑁+1
21

−1

 

𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

𝐵 − 𝐵

𝑆
, ;

− 𝑆
, ;

+ 𝑆
, ;

− 𝑆
, ;

𝐵
. 

(3.90) 

 

 

3.5 Wave Amplitudes Inside the Structure Layers 

In this section, a back recursive algorithm is developed in order to determine the 

displacement amplitudes of the partial plane waves inside any layer 𝑖 of the multilayered 

structure. 

Having obtained the reflection coefficient 𝑹 in Section 3.4, 𝑻 (𝑧 ) and 𝒗 (𝑧 ) in Eq. 

(3.51) can be evaluated. Then, 𝑻 (𝑧 ) and 𝒗 (𝑧 ) can be deduced according to the 

corresponding boundary conditions at the interface 𝑧 . Similarly, having the transmission 

coefficient 𝑻𝒓, 𝑻 (𝑧 ) and 𝒗 (𝑧 ) in Eq. (3.54) can be evaluated, then, 𝑻 (𝑧 ) 

and 𝒗 (𝑧 ) can be deduced using the boundary conditions at the interface 𝑧 .  

Let 𝑸  be a column vector such that: 
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  𝑸 =  
𝒗 (𝑧 )

𝒗 (𝑧 )
. (3.91) 

In the following, in the characteristic matrix relationship as expressed in Eq. (2.7), the 

exponential term  𝑒 (  ) will not be shown. Hence, when it will be mentioned that the 

displacement amplitudes of the partial plane waves in a layer 𝑖 are being evaluated, what is 

implicitly calculated is not just the vector 𝑨 , but indeed the product 𝑨  𝑒 (  ). However, 

the latter product will be referred to as 𝑨  for simplicity. Therefore Eq. (2.7) will be regarded 

as: 

  𝑼 (𝑧) =
𝒗 (𝑧)

𝑻 (𝑧)
= [𝑩 ][𝑬 (𝑧)] 𝑨 ,    for 𝑧 ≤ 𝑧 ≤ 𝑧 . (3.92)

 

3.5.1 Wave Amplitudes Inside Layer 𝑵 

Starting with 𝑖 = 𝑁, 𝑸  can be obtained using Eq. (3.55) having the multilayer total 

compliance matrix 𝑺𝑮 , and the vectors 𝑻 (𝑧 ), and 𝑻 (𝑧 ): 

 𝑸 =
𝒗 (𝑧 )

𝒗 (𝑧 )
=  𝑺𝑮

𝑻 (𝑧 )

𝑻 (𝑧 )
. (3.93) 

Then, using the characteristic matrix relationship as expressed in Eq. (3.92) for the layer 𝑁 at 

𝑧 = 𝑧 , the following can be written: 

 𝑼 (𝑧 ) =
𝒗 (𝑧 )

𝑻 (𝑧 )
= [𝑩 ][𝑬 (𝑧 )] 𝑨 . (3.94) 

In order to get the displacement amplitudes of the partial plane waves in the layer 𝑁, 

(i.e. 𝑨 ), the vectors 𝒗 (𝑧 ) and 𝑻 (𝑧 ) are needed.  

With reference to Eq. (3.10), 𝒗 (𝑧 ) could be expressed in terms of 𝑸  using the matrix 

[𝑽 ] as follows: 
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 𝒗 (𝑧 ) = [[𝑽 ] [𝑽 ]] 𝑸 . (3.95) 

Then, using the stiffness matrix relationship of the layer 𝑁, 

 
𝑻 (𝑧 )

𝑻 (𝑧 )
= [𝑲 ]

𝒗 (𝑧 )

𝒗 (𝑧 )
=

[𝑲 ] [𝑲 ]

[𝑲 ] [𝑲 ]

𝒗 (𝑧 )

𝒗 (𝑧 )
, (3.96) 

𝑻 (𝑧 ) can be also expressed in terms of 𝑸  using Eqs. (3.95) and (3.96): 

 
𝑻 (𝑧 ) = [[𝑲 ] [𝑲 ]]

𝒗 (𝑧 )

𝒗 (𝑧 )
 

                                     = [[𝑲 ][𝑽 ] [𝑲 ][𝑽 ] + [𝑲 ]] 𝑸 . 

(3.97) 

Therefore, back to Eq. (3.94), the partial plane waves displacement amplitudes 𝑨  in the 

layer 𝑁 are found to be: 

 

                    𝑨 = {[𝑩 ][𝑬 (𝑧 )]}
𝒗 (𝑧 )

𝑻 (𝑧 )

= {[𝑩 ][𝑬 (𝑧 )]}
[𝑽 ] [𝑽 ]

[𝑲 ][𝑽 ] [𝑲 ][𝑽 ] + [𝑲 ]
 𝑸 . 

(3.98) 

 

3.5.2 Wave Amplitudes Inside Layers 𝑵 − 𝟏 to 2 

At the layer 𝑁 − 1, the vector 𝑸  is: 

  𝑸 =  
𝒗 (𝑧 )

𝒗 (𝑧 )
. (3.99) 

With reference to Eq. (3.10), 𝒗 (𝑧 ) can be expressed in terms of 𝑸  using the matrix 

[𝑽 ] as follows:  

 𝒗 (𝑧 ) = [𝑽 ] × [𝑽 ] ×  𝑸 . (3.100) 

Therefore, 𝑸  can be deduced from 𝑸  using the relationship: 
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  𝑸 =

[𝑰] × [𝟎] ×

[𝑽 ] × [𝑽 ] ×

 𝑸 , (3.101) 

where [𝑰] is an identity matrix. Then, similarly to the process performed at the layer 𝑁, the 

displacement stress components vector in layer 𝑁 − 1 at 𝑧 = 𝑧  can be expressed in terms 

of 𝑸 , [𝑲 ] and [𝑽 ] as: 

  𝑼 =
𝒗 (𝑧 )

𝑻 (𝑧 )
=

[𝑽 ] [𝑽 ]

[𝑲 ][𝑽 ] [𝑲 ][𝑽 ] + [𝑲 ]
𝑸 . (3.102) 

Thus, the displacement amplitudes of the partial plane waves of the layer 𝑁 − 1, 𝑨 , are: 

 𝑨𝑁−1 = {[𝑩𝑁−1][𝑬𝑁−1(𝑧𝑁−1)]}
[𝑽𝑁−1] [𝑽𝑁−1]

[𝑲𝑁−1][𝑽𝑁−1] [𝑲𝑁−1][𝑽𝑁−1] + [𝑲𝑁−1]
𝑸𝑁−1. (3.103) 

The displacement amplitudes of the partial plane waves of the other layers can be 

obtained by applying the same procedure recursively from the layer 𝑁 − 2 back to layer 2. 

Hence, in general, for any layer 𝑖 with 2 ≤ 𝑖 ≤ 𝑁 − 1, and having already determined 

the vector 𝑸𝑖+1 of the layer  𝑖 + 1, 𝑸𝑖 can be deduced recursively from the latter according to 

the following recursive relationship: 

  𝑸 =
[𝑰] × [𝟎] ×

[𝑽 ] [𝑽 ]
 𝑸  ,       2 ≤ 𝑖 ≤ 𝑁 − 1. (3.104) 

Then, having obtained 𝑸 , the displacement amplitudes of the partial plane waves inside the 

layer 𝑖 can be expressed as:  

 𝑨 = {[𝑩 ][𝑬 (𝑧 )]}
[𝑽 ] [𝑽 ]

[𝑲 ][𝑽 ] [𝑲 ][𝑽 ] + [𝑲 ]
𝑸  , 2 ≤ 𝑖 ≤ 𝑁 − 1. (3.105) 
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3.5.3 Wave Amplitudes Inside Layer 1  

With respect to the first layer 𝑻 (𝑧 ) and 𝒗 (𝑧 ) can be obtained by substituting the 

reflection coefficients 𝑹 into Eq. (3.51). Consequently, 𝑻 (𝑧 ) and 𝒗 (𝑧 ) can be deduced 

using the corresponding boundary conditions at the interface 𝑧 . Then, applying the 

characteristic matrix relationship as expressed in Eq. (3.94) for layer 1 at 𝑧 = 𝑧 , the 

displacement amplitudes of the partial plane waves inside the layer 1 are found to be: 

 𝑨 = {[𝑩 ][𝑬 (𝑧 )]}
𝒗 (𝑧 )

𝑻 (𝑧 )
. (3.106) 

 

 

3.6 Conclusion 

The propagation of a plane wave into a multilayer whose layers could be of any of the 

three natures, fluid, isotropic solid, or isotropic poro-elastic materials, has been modeled 

based on the recursive stiffness matrix method. First, a total stiffness matrix has been 

constructed through a recursive algorithm that combines all the structure layers into one 

single layer based on their physical parameters and the boundary conditions at the interface 

separating every two adjacent layers. Having obtained the multilayer total stiffness matrix, 

the reflection coefficient in the incidence medium and the transmission coefficient in the 

substrate can be obtained. Their calculations have been presented in details for the case of 

fluid incidence and transmission media. Then, a back recursive algorithm has been 

implemented to determine the displacement amplitudes of the partial plane waves 

propagating inside each layer. 
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CHAPTER 4  

 

WAVE BEAM PROPAGATION THROUGH LAYERED MEDIA USING 

THE ANGULAR SPECTRUM METHOD 

4.1 Introduction 

In the previous chapter, the propagation of a plane wave incident on a multilayered 

medium bounded by fluid media has been developed. After calculating the reflection and 

transmission coefficients of the plane wave in terms of the incidence angle and frequency, the 

displacement amplitudes of the partial plane waves inside each layer of the multilayered 

structure has been determined. 

However, in real situations, an incident wave generated by an acoustic source is usually 

not a plane wave, but rather a bounded beam. In this case, an efficient solution to study the 

reflection-transmission of an acoustic beam and its propagation in the multilayered medium is 

by the implementation of the angular spectrum technique that is based on the superposition of 

plane waves.  

 

 

4.2 Modeling of the Wave Beam Propagation  

In this section, the propagation inside a multilayer of a wave field created by a planar 

acoustic source will be modeled based on the angular spectrum approach [68, 69, 70, 71, 72]. 

In this method, in order to model the propagation of a monochromatic wave field from a 
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plane surface to another parallel plane at a distance 𝑧, this wave field is first decomposed by 

the discrete Fourier transform into an equivalent spectrum of plane waves. Then, to account 

for the wave propagation, each component of the spectrum is multiplied by a suitable phase 

factor depending on the distance 𝑧 and the medium characteristics. An inverse Fourier 

transform is applied to the resulting propagated spectrum in order to reconstruct the wave 

field at the plane 𝑧. The method will be applied in order to obtain the incident wave field 

generated by the acoustic source, the corresponding reflected and transmitted wave fields, as 

well as the displacement and stress components distributions inside the layers of the structure. 

 

4.2.1 Incident Wave Field 

Consider a planar monochromatic acoustic source located at the reference plane (𝑧 =

𝑧 = 0) and generating a pressure wave field with a frequency 𝜔 in a fluid medium. The 

coordinate system is chosen so that the incident plane coincides with the (𝑥, 𝑧) plane and the 

wave is propagating in the +𝑧 direction. Let 𝑝 (𝑥, 𝑧 ) represent the pressure field distribution 

of the source wave at the 𝑧  plane. The objective is to find the resulting incident field 

distribution (for the waves propagating in the +𝑧 direction) at any parallel plane in the 

incidence medium, i.e. at any plane 𝑧 such that 𝑧 ≤ 𝑧 ≤ 𝑧 . Thus, first, the discrete Fourier 

transform is applied to the source pressure wave field 𝑝 (𝑥, 𝑧 ), and the transform is denoted 

by 𝑃 (𝑘 , 𝑧 ): 

 𝑃 (𝑘 , 𝑧 ) = ℱ 𝑝 (𝑥, 𝑧 ) = 𝑝 (𝑥, 𝑧 ) 𝑒 𝑑𝑥. (4.1) 

where 𝑘  is the 𝑥 component of the incident plane wave vector 𝒌 . The Fourier transform 

decomposes the source pressure wave field into a spectrum in which the magnitude and phase 

at every 𝑘  represent the magnitude and phase of a plane wave traveling at a given directional 

angle 𝜃 , 𝑘  and 𝜃  being related with reference to Eqs. (2.3) and (2.8) by: 
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 𝑘 =
𝜔

𝑐
sin 𝜃 , (4.2) 

where 𝑐  is the wave speed in the incidence medium. 

The propagation of the plane wave spectrum can be modeled by multiplying each 

component by a phase propagation factor to account for the plane wave propagation in its 

corresponding direction. For the case of a propagation in the +𝑧 direction, this factor is 

expressed as: 

 𝐺(𝑘 , 𝑧 − 𝑧 ) = 𝑒
 ( )

= 𝑒 ( ), (4.3) 

where 𝑘 = 𝑘 − 𝑘  is the 𝑧 component of the incident plane wave vector 𝒌 . 

Hence, if the angular spectrum of the field at 𝑧  for every 𝑘  is multiplied by its 

corresponding phase factor, the resultant wave spectrum in the incidence medium at any 

plane 𝑧, denoted by 𝑃 (𝑘 , 𝑧), will be: 

 𝑃 (𝑘 , 𝑧) = 𝑃 (𝑘 , 𝑧 )𝑒 ( ), 𝑧 ≤ 𝑧 ≤ 𝑧 . (4.4) 

Then, the incident pressure wave field 𝑝 (𝑥, 𝑧) at the plane 𝑧 can be reconstructed by 

applying the inverse Fourier transform of the angular spectrum 𝑃 (𝑘 , 𝑧): 

 𝑝 (𝑥, 𝑧) = ℱ 𝑃 (𝑘 , 𝑧) =
1

2𝜋
𝑃 (𝑘 , 𝑧) 𝑒 𝑑𝑘 , 𝑧 ≤ 𝑧 ≤ 𝑧 . (4.5) 

The steps for obtaining the incident pressure wave field distribution in the incidence 

medium, 𝑝 (𝑥, 𝑧),  knowing the pressure field distribution of the source wave at 𝑧 , 𝑝 (𝑥, 𝑧), 

are summarized in the diagram of Figure 4-1, where FT denotes the Fourier transform, and 

IFT its inverse.  
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Figure 4-1: Diagram of the steps followed for obtaining the incident pressure wave field in the incidence 

medium (𝐳𝟎 ≤ 𝐳 ≤ 𝐳𝟏). 

 

4.2.2 Reflected and Transmitted Wave Fields 

In Section 3.4, the reflection and transmission coefficients have been obtained for a 

plane wave originating from the reference plane (𝑧 = 𝑧 ) with a frequency 𝜔 and incident 

with an incidence angle 𝜃  at the top of a multilayered structure. Thus, the obtained 

expressions for these coefficients are functions of the incidence, layered, and transmission 

media physical parameters, as well as the incident plane wave frequency and incidence angle. 

This means that one can find the reflection and transmission coefficients for an incident plane 

wave traveling in any direction angle 𝜃  or correspondingly having any wavenumber 𝑘 , 𝜃  

and 𝑘  being related by the expression in Eq. (4.1). Hence the expressions found for these 

coefficients are nothing but angular spectra. The reflection coefficient angular spectrum at the 

plane 𝑧  will be denoted by 𝑅(𝜃 , 𝑧 ) or equivalently 𝑅(𝑘 , 𝑧 ), and the angular spectrum of 

the transmission coefficient at the plane 𝑧  by 𝑇 (𝜃 , 𝑧 ) or equivalently 𝑇 (𝑘 , 𝑧 ). 

The main goal is to determine the reflected pressure wave field in the incidence 

medium, 𝑝 (𝑥, 𝑧), and the transmitted pressure wave field in the transmission medium, 

𝑝 (𝑥, 𝑧), due to the incident pressure wave field at the top of the multilayer (i.e. at the plane 

𝑧 ), 𝑝 (𝑥, 𝑧 ). The latter can be decomposed into a spectrum of plane waves 𝑃 (𝑘 , 𝑧 ). Then, 

𝑧  
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to each component of this spectrum (i.e. at every 𝑘 ), or equivalently to every plane wave of 

the spectrum incident with the directional angle 𝜃 , one can associate the appropriate 

reflection and transmission coefficients expressed at the same angle 𝜃  (or equivalently same 

value of 𝑘 ). 

Therefore, the corresponding reflected pressure wave spectrum at the plane 𝑧 , 

𝑃 (𝑘 , 𝑧 ), will be the incident pressure wave spectrum at the plane 𝑧 , 𝑃 (𝑘 , 𝑧 ), weighted 

by the reflection coefficient spectrum 𝑅(𝑘 , 𝑧 ). Similarly, the transmitted pressure wave 

spectrum at the plane 𝑧 , 𝑃 (𝑘 , 𝑧 ), will be 𝑃 (𝑘 , 𝑧 ) weighted by the transmission 

coefficient spectrum 𝑇 (𝑘 , 𝑧 ). 

However, the reflection and transmission coefficients have been calculated in terms of 

the displacement amplitude of the incident partial plane wave and not its pressure. Thus, the 

reflected and transmitted spectra will be first calculated in the form of displacement 

amplitude spectra denoted by 𝐴 (𝑘 , 𝑧 ) and 𝐴 (𝑘 , 𝑧 ) respectively, and then will be 

converted into the corresponding pressure wave spectra. 𝐴 (𝑘 , 𝑧 ) and 𝐴 (𝑘 , 𝑧 ) are 

found by multiplying the incident displacement amplitude wave spectrum 𝐴 (𝑘 , 𝑧 ) by 

𝑅(𝑘 , 𝑧 ) and 𝑇 (𝑘 , 𝑧 ), respectively. 

A relationship between the pressure spectrum and the amplitude spectrum for each of 

the incident, reflected, and transmitted waves is needed for the conversion. Referring to Eq. 

(2.16), for a plane wave propagating in a fluid medium, its pressure can be related to the 

corresponding displacement amplitude through: 

 𝑃
±

= −𝑗𝐾 𝑝
±

𝑘
±

+ 𝑝
±

𝑘 𝑎
±

= −𝑗𝐾
𝜔

𝑐
𝑎

±
. (4.6) 

Hence, for the incident plane wave at 𝑧 = 𝑧 , 𝐴 (𝑘 , 𝑧 ) and 𝑃 (𝑘 , 𝑧 ) can be related 

through: 
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 𝑃 (𝑘 , 𝑧 ) = −𝑗𝐾
𝜔

𝑐
 𝐴 (𝑘 , 𝑧 ). (4.7) 

Thus, the reflected displacement amplitude wave spectrum at the plane 𝑧  will be: 

 𝐴 (𝑘 , 𝑧 ) = 𝑅(𝑘 , 𝑧 ) × 𝐴 (𝑘 , 𝑧 ). (4.8) 

Then, the reflected displacement amplitude wave spectrum is converted into a pressure wave 

spectrum using Eq. (4.6) as follows: 

 𝑃 (𝑘 , 𝑧 ) = −𝑗𝐾
𝜔

𝑐
× 𝐴 (𝑘 , 𝑧 ). (4.9) 

Substituting the expression of 𝐴 (𝑘 , 𝑧 ) in Eq. (4.8) into Eq. (4.9) yields: 

 𝑃 (𝑘 , 𝑧 ) = −𝑗𝐾
𝜔

𝑐
× 𝑅(𝑘 , 𝑧 ) × 𝐴 (𝑘 , 𝑧 ). (4.10) 

Then, using Eq. (4.7) to express  𝐴 (𝑘 , 𝑧 ) in terms of 𝑃 (𝑘 , 𝑧 ), the reflected pressure wave 

spectrum is found to be related to the incident pressure wave spectrum and to the reflection 

coefficient spectrum through: 

 𝑃 (𝑘 , 𝑧 ) = 𝑅(𝑘 , 𝑧 ) × 𝑃 (𝑘 , 𝑧 ). (4.11) 

Similarly, for the transmitted plane waves at the surface 𝑧 , if a fluid transmission 

medium is considered, their displacement amplitude spectrum is: 

 𝐴 (𝑘 , 𝑧 ) = 𝑇 (𝑘 , 𝑧 ) × 𝐴 (𝑘 , 𝑧 ). (4.12) 

Using the relationship in Eq. (4.6), the transmitted displacement amplitude wave spectrum is 

converted into a pressure wave spectrum as follows: 

 𝑃 (𝑘 , 𝑧 ) = −𝑗𝐾
𝑁+1

𝜔

𝑐𝑁+1

 𝐴 (𝑘 , 𝑧𝑁+1). (4.13) 

Substituting the expression of 𝐴 (𝑘 , 𝑧 ) in Eq. (4.12) into Eq. (4.13) leads to: 

 𝑃 (𝑘 , 𝑧 ) = −𝑗𝐾
𝑁+1

𝜔

𝑐𝑁+1

𝑇 (𝑘 , 𝑧 ) × 𝐴 (𝑘 , 𝑧 ). (4.14) 
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Then, using Eq. (4.7) to express  𝐴 (𝑘 , 𝑧 ) in terms of 𝑃 (𝑘 , 𝑧 ), the transmitted pressure 

wave spectrum becomes related to the incident pressure wave spectrum and to the 

transmission coefficient spectrum by: 

 𝑃 (𝑘 , 𝑧 ) =
𝑐  𝐾

𝑁+1

𝑐𝑁+1 𝐾
 𝑇 (𝑘 , 𝑧 ) × 𝑃 (𝑘 , 𝑧 ). (4.15) 

If the incidence and transmission media were identical, Eq. (4.15) can be reduced to: 

 𝑃 (𝑘 , 𝑧 ) = 𝑇 (𝑘 , 𝑧 ) × 𝑃 (𝑘 , 𝑧 ). (4.16) 

It is to be noted that all the spectra multiplications are performed term by term for every 𝑘 . 

Having obtained the reflected pressure wave spectrum at the plane 𝑧 , 𝑃 (𝑘 , 𝑧 ), the 

corresponding propagated pressure wave spectrum in the incidence medium, 𝑃 (𝑘 , 𝑧) (i.e. 

the pressure wave spectrum at any parallel plane 𝑧 such that 𝑧 < 𝑧 < 𝑧 ) is found by 

multiplying each component of the spectrum at 𝑧 = 𝑧  by the appropriate phase propagation 

factor to account for the plane wave propagation in the −𝑧 direction, that is: 

 𝑃 (𝑘 , 𝑧) = 𝑃 (𝑘 , 𝑧 ) × 𝑒 ( ), 𝑧 ≤ 𝑧 ≤ 𝑧 . (4.17) 

Similarly, having the transmitted pressure wave spectrum at the plane 𝑧 , 

𝑃 (𝑘 , 𝑧 ), the corresponding propagated pressure wave spectrum in the transmission 

medium, 𝑃 (𝑘 , 𝑧) (i.e. the pressure wave spectrum at any parallel plane 𝑧 such that    

𝑧 < 𝑧) is found by multiplying each component of the spectrum at 𝑧 = 𝑧  by the 

appropriate phase propagation factor to account for the plane wave propagation in the +𝑧 

direction, that is: 

 𝑃 (𝑘 , 𝑧) = 𝑃 (𝑘 , 𝑧 ) × 𝑒  ( ), 𝑧 ≤ 𝑧 . (4.18) 

Thus, finally, the reflected pressure wave field in the incidence medium, and the 

transmitted pressure wave field in the transmission medium, due to the source incident 

pressure wave field, are reconstructed by applying the inverse Fourier transform to their 

angular spectra, and they are expressed respectively as: 
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𝑝 (𝑥, 𝑧) = ℱ 𝑃 (𝑘 , 𝑧) =
1

2𝜋
𝑃 (𝑘 , 𝑧) 𝑒 𝑑𝑘 , 𝑧 ≤ 𝑧  , 

𝑝 (𝑥, 𝑧) = ℱ 𝑃 (𝑘 , 𝑧) =
1

2𝜋
𝑃 (𝑘 , 𝑧) 𝑒 𝑑𝑘 , 𝑧 ≤ 𝑧 . 

(4.19) 

The steps for obtaining the reflected pressure wave field distribution in the incidence 

medium, 𝑝 (𝑥, 𝑧), and the transmitted pressure wave field in the transmission medium, 

𝑝 (𝑥, 𝑧), knowing the incident pressure wave field at the plane 𝑧 , 𝑝 (𝑥, 𝑧 ), the reflection 

coefficient spectrum at the plane 𝑧 , 𝑅(𝑘 , 𝑧 ), as well as the transmission coefficient angular 

spectrum at the plane 𝑧 , 𝑇 (𝑘 , 𝑧 ), are summarized in the diagram of Figure 4-2.  

 

4.2.3 Displacement and Stress Distribution in the Multilayer 

In Section 3.5, the partial plane waves displacement amplitudes vector, 𝑨 , has been 

obtained for all the layers of the structure. Subsequently, using Eq. (3.92), the displacement 

and stress components defined in the displacement-stress vector 𝑼 (𝑧) can be found in any 

layer and at any plane surface 𝑧. The resulting vector 𝑼 (𝑧) corresponds to an incident plane 

wave with a given incidence direction angle (i.e. given 𝜃  or 𝑘 ) and a unity amplitude. 

In the case of an incident beam on the multilayer, the displacement and stress 

distribution inside the multilayer can be also obtained using the concept of angular spectrum. 

In fact, the incident beam being the superposition of planes waves traveling in many 

directions, the distribution of each component of 𝑼 (𝑧) will be the summation of the 

contribution of each plane wave component of that incident beam. Hence, if the value of the 

plane wave incidence angle 𝜃 , or equivalently 𝑘 , is considered as a variable in the 

calculation  of  the displacement-stress  vector, then, 𝑼 (𝑘 , 𝑧)  is nothing but a vector  whose  
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Figure 4-2: Diagram of the steps followed for obtaining the reflected pressure wave field in the incidence 

medium (𝐳𝟎 ≤ 𝐳 ≤ 𝐳𝟏), and the transmitted pressure wave field in the transmission medium (𝐳𝑵 𝟏 ≤ 𝐳). 
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𝑨𝑼 (𝑘 , 𝑧) = 𝑼 (𝑘 , 𝑧) × 𝐴 (𝑘 , 𝑧 ) 

                    = 𝑗
𝑐

𝜔𝐾
𝑼 (𝑘 , 𝑧) × 𝑃 (𝑘 , 𝑧 ), 

(4.20) 

where 𝑃 (𝑘 , 𝑧 ) is the incident pressure wave spectrum at 𝑧 , related to 𝐴 (𝑘 , 𝑧 ) according 

to Eq. (4.7). 

The field distributions of the displacement and stress components in the multilayer at 

any plane 𝑧, grouped in a column vector 𝒂𝑼 (𝑥, 𝑧), are obtained consequently by applying the 

inverse Fourier transform of each component of 𝑨𝑼 (𝑘 , 𝑧), i.e.: 

 
𝒂𝑼 (𝑥, 𝑧) = ℱ 𝑨𝑼 (𝑘 , 𝑧) =

1

2𝜋
𝑨𝑼 (𝑘 , 𝑧)𝑒 𝑑𝑘 , 

1 ≤ 𝑖 ≤ 𝑁, 𝑧 ≤ 𝑧 ≤ 𝑧 . 

(4.21) 

 

 

4.3 Numerical Application 

In this section, an acoustic monochromatic wave beam with a frequency of 1 MHz 

incident on a three-layered structure immersed in water is simulated. This multilayer consists 

of a water-filled poro-elastic layer sandwiched between two elastic solid layers having the 

same mechanical properties as the solid grains of the porous material. The physical 

parameters of the media are listed in Table 4-1. In order to obtain the corresponding reflected 

and transmitted beams, as well as the distributions of the displacements and stresses inside 

the multilayer, the angular spectrum method will be applied as detailed in Section 4.2.  

Therefore, at a first stage, the algorithm developed in Section 3.3 is applied in order to 

obtain the three-layered structure total stiffness matrix for incident plane waves traveling with 

various directional angles 𝜃 . Then, the multilayer having its first and last layers elastic 

solids, the corresponding reflection and transmission coefficients are obtained for every value 
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of 𝜃  as per Section 3.4.5. Figure 4-3 shows the magnitude and phase of the reflection and 

transmission coefficients as a function of the incidence propagation angle. The results reveal 

the stability of the method for all the incidence angle values. 

 
Table 4-1  Parameters for the simulated medium layers. 

Incidence/Transmission  Bulk modulus, 𝐾  2.25 GPa 

Medium (Water) Density, 𝜌  1000 Kg/m3 

Elastic Solid Layers Thickness, 𝒉 3 mm 

 

Bulk modulus, 𝐾  37 GPa 

Shear modulus, 𝜇  6.5 GPa 

Density, 𝜌  2650 Kg/m3 

Poro-elastic Layer Thickness, 𝒉 5 mm 

Solid Grains 

Bulk modulus, 𝐾  37 GPa 

Shear modulus, 𝜇  6.5 GPa 

Density, 𝜌  2650 Kg/m3 

Matrix 

Bulk modulus, 𝐾  8.66 GPa 

Permeability, 𝜅  1.9 darcy 

Porosity,  0.297 

Fluid 

Bulk modulus, 𝐾  2.25 GPa 

Viscosity 𝜂  0.01 Poise 

Density, 𝜌  1000 Kg/m3 

 

Having obtained the reflection and transmission coefficients of all the incident plane 

waves directions, the partial plane waves displacement amplitudes vector, 𝑨 , can be 

consequently evaluated inside all the layers of the structure, and for all the incidence angles, 

by the back recursive algorithm as presented in Section 3.5. Afterwards, the displacement and 

stress components can be found in any layer, at any plane surface 𝑧, and for the 

corresponding incident plane wave direction by using Eq. (3.92). In order to test the 

developed algorithm, the magnitudes of the displacement and stress components 𝑢 (𝑧), 

𝑢 (𝑧), 𝑤 (𝑧),  𝜎 (𝑧), 𝜎 (𝑧), and 𝑃 (𝑧) corresponding to the plane wave incident on the 
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three-layered structure with an incidence angle 𝜃 = 30o are plotted inside the whole 

structure and shown in Figure 4-4.  

 

Figure 4-3: Magnitude and phase of the Reflection and Transmission coefficients as a function of the 

plane waves incidence angles for the three-layered medium and for 𝒇 = 𝟏 MHz. 
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Figure 4-4: Displacement-stress vector components magnitudes inside the three-layered structure for a 

plane wave incident on the multilayer with a frequency of 1 MHz and an incidence angle 𝜽𝟎 = 𝟑𝟎°. 
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The results plotted in Figure 4-4 show the continuity of all the displacement and stress 

components at each of the solid-porous interfaces, i.e. at 𝑧  and 𝑧 . It is to be noted that the 𝑧 

component of the average relative fluid displacement, 𝑤 (𝑧), and fluid phase pressure, 𝑃 (𝑧), 

are nonzero only in the poro-elastic layer.  

Figure 4-5 illustrates the real part of the displacement-stress vector components inside 

the whole multilayer corresponding to the incident plane waves traveling at various 

directional angles 𝜃 , with 0 ≤ 𝜃 ≤ 90°. The graphs are plotted in gray scale, with the black 

and white colors corresponding to the minimum and maximum values, respectively. The 

plotted results also show a continuity of the displacement and stress components at the 

interfaces and for all values of the plane wave incidence angle. 

Having calculated, for all the incident plane waves directions, the reflection and 

transmission coefficients as well as the displacement and stress components inside the 

multilayer, the reflected and transmitted wave fields, as well as the displacements and 

stresses distributions inside the multilayer can be obtained by applying the angular spectrum 

method as presented in Section 4.2. Figure 4-6 to Figure 4-10 show in gray scale the incident 

pressure fields for a beam generated by the acoustic source with the steering angles, 15°, 30°, 

45°, 60°, and 75°, respectively. These figures show the evolutions of the corresponding 

reflected pressure fields in the incidence medium, and the transmitted pressure fields in the 

transmission medium, along with corresponding displacements and stresses distributions 

resulting inside the structure layers. The acoustic source size is 7.5 mm and it is placed at 

40mm from the multilayer, i.e. ℎ = 40 mm. Similarly, the black and white colors 

correspond to the minimum and maximum values, respectively. 

 



94 
 

 

Figure 4-5: The variation of the real parts of the displacement-stress vector components inside the three-

layered structure as a function of the plane waves incidence angles. 

Real Part of 𝑢 (𝑧) 

Real Part of 𝑢 (𝑧) 

Real Part of 𝑤 (𝑧) 

Real Part of 𝜎 (𝑧) 

Real Part of 𝜎 (𝑧) 

Real Part of 𝑃 (𝑧) 



95 
 

 

Figure 4-6: The magnitude of the incident pressure field with the corresponding magnitudes of the 

reflected and transmitted pressure fields, along with the corresponding displacements and stresses 

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 𝟏𝟓°. 
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Figure 4-7: The magnitude of the incident pressure field with the corresponding magnitudes of the 

reflected and transmitted pressure fields, along with the corresponding displacements and stresses 

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 𝟑𝟎°. 
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Figure 4-8: The magnitude of the incident pressure field with the corresponding magnitudes of the 

reflected and transmitted pressure fields, along with the corresponding displacements and stresses 

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 𝟒𝟓°. 
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Figure 4-9: The magnitude of the incident pressure field with the corresponding magnitudes of the 

reflected and transmitted pressure fields, along with the corresponding displacements and stresses 

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 𝟔𝟎°. 
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Figure 4-10: The magnitude of the incident pressure field with the corresponding magnitudes of the 

reflected and transmitted pressure fields, along with the corresponding displacements and stresses 

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 𝟕𝟓°. 
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The algorithm is furthermore tested to investigate the behavior of the propagating modes 

in a multilayered medium. Hence, the same three-layered medium immersed in water is 

considered, but with a varying porosity of the porous layer solid matrix. Figure 4-11 shows 

the magnitudes of the reflection coefficient diagrams with varying frequency and incidence 

angle and for various porosities, namely ≅0, 0.3, 0.6 and 1. The graphs are plotted in gray 

scale the black and white colors corresponding to a zero and a one, respectively.  

 

Figure 4-11. Magnitude of the reflection coefficient in terms of the frequency and incidence angle of the 

incident plane wave on the three-layered structure with porosities: (1) 𝝓 ≅ 0, (2) 0.3, (3) 0.6, and (4) 1. 
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With a very negligible porosity (i.e. 𝜙 ≅ 0), the porous medium tends towards a solid 

with the same properties as the surrounding solid layers. Hence, the three-layers structure 

becomes like a single solid layer with its thickness equal to the total thickness of the three 

layers. Figure 4-11 (1) reflects the guided wave modes dispersion of that single solid layer. 

Since in the case of a zero porosity the fluid phase or the slow longitudinal mode in the poro-

solid vanishes, the modes observed in the diagram (1) of Figure 4-11 are only formed by the 

longitudinal and shear modes of the solid. The longitudinal mode can be verified at normal 

incidence (for theta = 0) by the resonance periodicity in frequency. 

The guided wave modes evolution with a progressive increase of the porosity of the 

middle layer (for 𝜙 = 0.3, 0.6 and 1) is illustrated in the subplots (2) to (4) of Figure 4-11. 

When the porosity is increased to 0.3, the long light vertical lines appear as shown in the 

subplot (2) of Figure 4-11, reflecting the additional propagating mode relative to the fluid 

phase in the porous medium. As the porosity increases furthermore to 0.6, the effect of the 

fluid phase becomes stronger, which is reflected by the darker vertical lines as shown in 

subplot (3) of Figure 4-11. When the porosity reaches a value of 1, the middle porous layer 

tends to behave as a fluid medium, and the effect of the fluid phase in this case is the 

strongest which is illustrated in subplot (4) of Figure 4-11. Moreover, the speed of the various 

propagating modes increases with an increase of the porosity, this is reflected by the 

progressive increase of the periodicity of the frequency of the corresponding modes in the 

subplots (1) to (4) of Figure 4-11. 

 

 

4.4 Conclusion 

The propagation of an acoustic beam incident on a multilayer consisting of any 

combination of fluid – isotropic elastic solid – and isotropic fluid-filled poro-elastic materials 
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has been modeled based on the angular spectrum technique. In this method, in order to model 

the propagation of a monochromatic wave field, the latter is decomposed into its spectrum of 

plane waves traveling in different directions. Then, the propagation of each plane wave is 

treated separately based on the algorithm developed in the previous chapter. In order to 

reconstruct any resulting wave field distribution, the contributions of all these plane waves 

are superposed. In this way, the reflected and transmitted waves fields have been obtained, 

along with the displacement and stress components distributions inside the multilayer. 

Then, in order to test the developed algorithm, a numerical example of a three-layered 

solid-porous-solid medium has been simulated. The algorithm has been first applied on plane 

waves traveling in different directions. So, first, the global stiffness matrix has been obtained 

for every incidence directional angle. Then, the reflection and transmission coefficients have 

been calculated and the displacement and stress components have been evaluated afterwards 

at any plane inside the multilayer, for every value of a plane wave incidence angle as well. 

The plots of the displacement and stress components at a particular value of the incidence 

angle, and in general for all the values of incidence angles, have showed a continuity of each 

of these components at the interfaces which validates the algorithm. Then by superposing the 

contributions of the plane waves traveling in various directions, the reflected and transmitted 

pressure wave fields, as well as the displacement and stress components distributions inside 

the multilayer have been obtained and plotted for two steering angles of the acoustic source. 

Furthermore, the effect of the porosity of the porous layer on the partial modes propagating in 

the three-layered structure has been investigated by simulating the reflection coefficient as a 

function of the frequency and incidence angle of the incident plane wave. 
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CONCLUSION 

In this work, a general method has been developed to model the acoustic wave field 

propagation inside a multilayer that consists of any combination of fluid, isotropic elastic 

solid, and isotropic fluid-filled poro-elastic materials. The propagation of a bounded incident 

wave beam has been modeled using the angular spectrum method which is based on the 

decomposition of this field into an equivalent spectrum of plane waves traveling in different 

directions. The corresponding reflected wave beam in the incidence medium, and the 

transmitted wave beam in the transmission medium, as well as the displacement and stress 

components distributions inside the multilayer can be found by adding the contributions of 

the plane waves traveling in different directions. 

Hence, at a first stage a stable and general algorithm has been developed, based on the 

recursive stiffness matrix approach, to model the propagation of a plane wave incident on the 

multilayer with a given incidence angle. So, first, each layer of the structure has been 

characterized: the characteristic and stiffness matrices have been obtained for every layer in 

terms of the incident plane wave frequency and incidence angle. Three layer-natures have 

been considered: fluid, isotropic elastic solid, and isotropic poro-elastic material. Then, a 

recursive algorithm has been implemented to merge the whole multilayer into a single layer 

characterized by its total stiffness matrix obtained in terms of the incident plane wave 

frequency and incidence angle. Having the multilayer total stiffness matrix, the reflection and 

transmission coefficients have been calculated considering fluid incidence and transmission 

media, which allows then to evaluate the partial waves displacement amplitudes inside every 

layer of the structure. Consequently, the displacement and stress components could be 
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deduced at every point of the multilayer corresponding to every plane wave incidence 

direction.  

Afterwards, using the angular spectrum method, the contributions of the plane waves 

traveling in all the directions are superposed to find the reflected and transmitted wave fields, 

along with the displacement and stress components distributions.  

Finally, the method has been simulated on a three-layered solid-porous-solid structure 

immersed in water and different results have been plotted. 

It is true that the algorithm developed in this work has included only three layer-

natures, however, the fact that all the displacements and stresses are expressed in terms of 

waves amplitudes, rather than potentials, makes it a general and extensible method. Indeed, 

this allows a future expansion of the formalism to include other material natures, such as 

anisotropic solids, anisotropic porous media, or piezoelectric materials. The introduction of 

an additional layer nature to the formalism requires defining its characteristic matrix, and 

then deriving additional matrices [𝑽 ] corresponding to the interfaces separating this layer 

nature from the others. In general, for 𝑛 layer-natures, the number of required matrices [𝑽 ] 

for the formalism is 𝑛 − (𝑛 − 1), and 𝑛  cases are needed to be developed in order to 

compute the reflection and transmission coefficients for fluid incidence and transmission 

media. A further development of this algorithm would be by considering other natures for 

incidence and transmission media, which would lead to additional cases development for the 

reflection and transmission coefficients.  
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